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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
17 ]. This is test number [ 49 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (17) | 0.00 (0)

Mathematica | 100.00 ( 17 ) | 0.00 (0)
Fricas 4118 (7) | 58.82(10)
Mupad 2941 (5) | 7059 (12)
Giac 2353 (4) | 76.47 (13)
Maple 1765 (3) [8235(14)
Maxima 11.76 (2) |88.24(15)
Sympy 11.76 (2) |88.24(15)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 47.059 47.059 5.882 0.000
Fricas 35.294 5.882 0.000 58.824
Maple 5.882 5.882 5.882 82.353
Giac 5.882 17.647 0.000 76.471
Maxima, 5.882 5.882 0.000 88.235
Mupad 0.000 29.412 0.000 70.588
Sympy 0.000 5.882 5.882 88.235

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 10 90.00 10.00 0.00
Mupad 12 0.00 100.00 0.00
Giac 13 92.31 7.69 0.00
Maple 14 100.00 0.00 0.00
Maxima 15 100.00 0.00 0.00
Sympy 15 20.00 80.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.25

Fricas 0.26

Rubi 0.93

Giac 1.74
Mathematica 2.63

Mupad 17.59

Maple 45.52

Sympy 73.58

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 47.50 1.91 47.50 1.91
Maple 84.33 1.61 90.00 1.65
Fricas 85.00 1.54 69.00 1.45
Giac 97.00 2.49 81.00 2.90
Sympy 111.50 2.81 111.50 2.81
Rubi 453.29 0.99 263.00 1.00
Mathematica | 1695.12 2.70 261.00 2.00
Mupad 71874.60 44.15 50.00 1.72

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance




CHAPTER 1.

INTRODUCTION

1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

Figure 1.4: Solved integrals histogram based on CPU time used

based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {{}[9]}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

21,1 Rubi. .. ... ... ..o
2.1.2 Mma. . . ... ..
2.1.3 Maple . . . . o
2.1.4 Fricas . . . . . . . e e e
2.1.5 Maxima . . . . . .. e e e e e e e e
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad ...
2.1.8 SYympy . . . . oo e

2.1.1 Rubi

A grade { 125,567 5B 0,1 12 (3,4, 15 (617 }

B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade {[3}[6}[10}[T1}[12}[13,[T4[16] }
B grade {BABNBBIEM)

C grade {[1]}

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {[11}
B grade {[16}
C grade {[1}

F normal fail { BEABBAEH0EBHBEB}
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { T2 13305}
B grade {[16]}

C grade { }

F normal fail {BBABBLEHIT}
F(-1) timedout fail {[1]}

F(-2) exception fail { }

2.1.5 Maxima

A grade {[11]}

B grade {[16]}

C grade { }

F normal fail { [2BABBAEHD MG
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {[12}

B grade { }

C grade { }

F normal fail { BEABBMEHOBEM)
F(-1) timedout fail {[1]}

F(-2) exception fail { }

2.1.7 Mupad

A grade { }

B grade {[[}[I1}[12}[I4[16] }

C grade { }

F normal fail { }

F(-1) timedout fail { BEAHBLEHEE)

F(-2) exception fail { }

2.1.8 Sympy

A grade { }

B grade {[11]}

C grade {[13}

F normal fail {[2}[3[4 }

F(-1) timedout fail { (15615 B/I0I3 5,67 )

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C C F F(-1) F(-1) F(-1) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1668 1668 223 130 0 0 0 0 359169
N.S. 1 1.00 0.13 0.08 0.00 0.00 0.00 0.00 215.33

time (sec) N/A 3.717 0.739 29.016  0.000 0.000 0.000 0.000 52.377

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 124 133 261 0 0 0 0 0 0

N.S. 1 1.07 2.0 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.233 0.303 0.000 0.000 0.000 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 263 263 525 0 0 0 0 0 0

N.S. 1 1.00 2.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.508 1.110 0.000  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 25
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 404 387 834 0 0 0 0 0 0
N.S. 1 096 2.06 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.601 0.920 0.000 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 545 511 1093 0 0 0 0 0 0
N.S. 1 094 2.01 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.710 1.283 0.000 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 283 277 456 0 0 0 0 0 0
N.S. 1 098 1.61 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.564 2.677  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 738 738 4162 0 0 0 0 0 0
N.S. 1 1.00 5.64 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.446 6.421 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1194 1194 6525 0 0 0 0 0 0
N.S. 1 1.00 5.46 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.901 6.546 0.000 0.000  0.000 0.000 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1654 1654 8737 0 0 0 0 0 0
N.S. 1 1.00 5.28 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.605 6.725 0.000 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 75 75 84 0 0 137 0 0 0
N.S. 1 1.00 1.12 0.00 0.00 1.83 0.00 0.00 0.00
time (sec) N/A 0.379 2.147  0.000 0.000  0.270  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 19 33 35 35 63 66 35
N.S. 1 1.00 0.95 1.65 1.75 1.75 3.15 3.30 1.75
time (sec) N/A 0.187 0.584 5.155 0.247  0.267 29.898 0.374 8.880

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A F(-1) A B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 45 45 45 0 0 48 0 39 39
N.S. 1 1.00 1.00 0.00 0.00 1.07 0.00 0.87 0.87
time (sec) N/A 0.292 0.715 0.000 0.000 0.249 0.000 5.158 9.081

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 65 65 64 0 0 69 160 0 0

N.S. 1 1.00 0.98 0.00 0.00 1.06 2.46 0.00 0.00
time (sec) N/A 0.460 0.673 0.000 0.000 0.256 117.269 0.000 0.000

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A F(-1) B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 75 75 84 0 0 109 0 187 80
N.S. 1 1.00 1.12 0.00 0.00 1.45 0.00 2.49 1.07

time (sec) N/A 0.322 0.078 0.000 0.000 0.266 0.000 1.001 8.877

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F F A F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 95 95 242 0 0 132 0 0 0

N.S. 1 1.00  2.55 0.00 0.00 1.39 0.00 0.00 0.00
time (sec) N/A 0.511 3.459 0.000 0.000 0.277  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 29 24 90 60 65 0 96 50
N.S. 1 1.00 0.83 3.10 2.07 2.24 0.00 3.31 1.72
time (sec) N/A 0.260 1.978 102.389 0.262 0.260 0.000 0.437 8.729
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 494 477 5439 0 0 0 0 0 0
N.S. 1 097 11.01 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.180 8.364 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio nlllllrggéigl?cfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [6] had the largest
ratio of [.250000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of num"ber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j urrzﬁ;e antlfaicr;;’::ve leaf size integrand leaf size
1] A 2 2 1.00 95 0.036
2 A 2 2 1.07 16 0.125
3 A 3 3 1.00 22 0.136
4 A 3 3 0.96 27 0.111
o A 3 3 0.94 32 0.094
6 A 4 4 0.98 16 0.250
7 A 2 2 1.00 22 0.091
3 A 2 2 1.00 27 0.074
9 A 2 2 1.00 32 0.062
10j A 2 2 1.00 63 0.032
11 A 1 1 1.00 45 0.022
12] A 1 1 1.00 52 0.019
13] A 3 3 1.00 54 0.056
14] A 1 1 1.00 61 0.016
15) A 3 3 1.00 63 0.048
16} A 1 1 1.00 56 0.018
17] A 3 3 0.97 38 0.079

2.3. Detailed conclusion table specific for Rubi results
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315 [ s o AT ..
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3.17 A+gi’;ffj;‘;@z3” AT . 127
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d+ex+fr’+grd+hat+jaP+kab+12"+ma®
3.1 | b dz
a+bx°+cz

3.1.1 Optimalresult . . . ... ... .. 311
3.1.2 Mathematica [C] (verified) . . . . . . . . ... Lo
3.1.3 Rubi [A] (verified) . . . . .. ... ..
3.1.4 Maple [C] (verified) . ... ... . ... ...
3.1.5 Fricas [F(-1)] . . . . o oo 35
3.1.6 Sympy [F(-1)] . . . . o e 361
3.1.7 Maxima [F] . . . . . . 36
3.1.8 Giac [F(-1)] . . . o o 30
3.1.9 Mupad [B] (verification not implemented) . . ... ... ... ... ...... 37

3.1.1 Optimal result

Integrand size = 55, antiderivative size = 1668

/d+ex—|—fm2+gm3+hx4+jx5+kx6+lx7+mx8
a + bx3 + cxb

dx = Too large to display

k*x/c+1/2%1%x~2/c+1/3*m*x"3/c+1/6* (-b*m+c*j)*1n(c*x~6+b*x~3+a) /c~2+1/6%1n(
27(1/3)*c™ (1/3) *x+(b-(-4*a*c+b~2) "~ (1/2) ) ~(1/3) ) *(g-b*k/c+(2*c~2*d+b~2*k-c*
(2%axk+b*g)) /c/ (-4*axc+b~2) ~(1/2))*27(2/3) /c~(1/3) / (b-(-4*axc+b~2) " (1/2))~
(2/3)-1/12%1n(27(2/3) *c™ (2/3) *x72-27(1/3) *c™ (1/3) *x* (b- (-4*a*xc+b~2) ~(1/2))
~(1/3)+(b-(-4*a*c+b~2) " (1/2))~(2/3) ) *(g-bxk/c+(2*c~2*d+b~2*k-c* (2*axk+b*g)
)/c/ (—4*axc+b~2) " (1/2))*27(2/3)/c~(1/3) / (b-(-4*axc+b~2)~(1/2))~(2/3)-1/6*a
rctan(1/3*(1-2%27(1/3) *c~(1/3) *x/ (b= (-4*a*xc+b~2) ~(1/2))~(1/3))*3~(1/2)) *(g
-bxk/c+(2%c™2*d+b~2*xk-c* (2*a*xk+b*g) ) /c/ (-4*a*c+b~2) ~(1/2) ) *27(2/3) /c~(1/3)
*37(1/2) / (b-(-4*axc+b~2)~(1/2))~(2/3)-1/6%1n (2" (1/3) *c~ (1/3) *x+(b- (—4*a*c+
b~2)~(1/2))~(1/3))* (h-b*1/c+(2*c"2*e+b~2*1-c* (2*a*x1+bxh) ) /c/ (—4*a*c+b~2) ~(
1/2))*27(1/3)/c~(2/3) / (b= (-4*a*c+b~2) " (1/2))~(1/3)+1/12%1n (27 (2/3) *c~(2/3)
*x72-27(1/3) *c” (1/3) *x* (b- (-4*a*xc+b~2) ~(1/2)) ~(1/3) +(b-(-4*a*c+b~2) " (1/2))
~(2/3)) * (h-b*1/c+(2%c™2*e+b~2*1-c* (2*a*x1+b*h) ) /c/ (-4*axc+b~2) ~(1/2) ) ¥2~(1/
3)/c~(2/3)/ (b-(-4*a*xc+b~2)~(1/2))~(1/3)-1/6*arctan(1/3*(1-2%x2"(1/3)*c~(1/3
)xx/ (b= (=4*a*c+b~2)~(1/2))~(1/3))*37(1/2) ) * (h-b*1/c+(2%c™2xe+b " 2*1-c* (2*ax
1+b*h)) /c/ (—4*a*xc+b~2) ~(1/2))*27(1/3) /c~(2/3)*3~(1/2) / (b—(-4*a*c+b~2) ~(1/2
))~(1/3)-1/3*(-2*a*c*m+b~2*m-b*c*j+2*c~2*f) *arctanh ((2*c*x~3+b) / (-4*a*c+b”
2)7(1/2))/c~2/ (-4*a*xc+b~2) ~(1/2)+1/6*1n (2" (1/3) *c~ (1/3) *x+ (b+(-4*axc+b~2) "
(1/2))~(1/3) ) *(g-bxk/c+(2*a*ckk-b~2*k+b*cxg-2*xc~2*d) /c/ (-4*a*c+b~2)~(1/2))
*27(2/3)/c™(1/3) / (b+(-4*axc+b~2) ~(1/2))~(2/3)-1/12%1n(27 (2/3) *c~ (2/3) *x. . .

dtex+ fr’+gxd+hat4jx® 4 kab 4" +mad
3.1. f a+bx3+czb dzx
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3.1.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.74 (sec) , antiderivative size = 223, normalized size of antiderivative = 0.13

/d+ez+ﬂﬁ+gﬁ+4mﬁhmﬁ+mﬁ+mf+mﬁdw

a+ bx3 + cx

6kx + 3lx? + 2mz3 — 2RootSum |a + b#13 + 0#16&, —Cdlog(x—#].)-i-ak log(x—#l)—ce log(x—#l)#l-{-al log(x—#

input | Integrate[(d + exx + f*x72 + g*x™3 + h*x"4 + j*x"5 + k*x"6 + 1*x"7 + m*x"8
)/(a + b*x~3 + c*x76),x]

output | (6xk*x + 3*1*x~2 + 2*m*x~3 - 2*RootSum[a + b*#1°3 + c*#176 & , (-(c*d*Logl
x - #1]) + axkxLogl[x - #1] - cxexLogl[x - #1]*#1 + axlxLogl[x - #1]*#1 - cxf
xLog[x - #1]*#172 + a*m*Logl[x - #1]1*#17°2 - cxg*Loglx - #1]*#1"3 + bxk*Logl[
x - #1]1%#1°3 - cxh*Loglx - #1]1*#1°4 + bxl*Loglx - #1]1*#1°4 - c*j*Loglx - #
11*#175 + bxmxLog[x - #1]*#175)/(b*#1°2 + 2*c*#175) & 1)/ (6%c)

3.1.3 Rubi [A] (verified)

Time = 3.72 (sec) , antiderivative size = 1668, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.036, Rules used

= {2322, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dzr

/d+e:v—|—fw2+gw3+hw4+jx5+kx6+la:7+mw8
a + bx3 + cxb

l 9322

/ d+gz® + kb  z(e+had+125)  22(f + ja® + ma®) p
X
a + bx3 + cxb a+ bx3 + cxb a + bx3 + cxb

l 2009

dtex+ fr’+gxd+hat4jx® 4 kab 4" +mad
3.1. f a+bx3+czb dzx
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1— 2 \/_ \/Ez
¢
bk | kb2+2c2d—c(bg+2ak) b— /b2 — dac
(9 -+ i 2 ) arctan
mz® 12?2  kx
3c 2 + e 5 273 _
V2v/3/c <b — Vb2 — 4ac)
1- 22 \/_
bl b>+2c%e—c(bh+2al) \/ b— /b2 — dac
(h -2+ o —dae ) arctan
22/3,/3¢2/3 v/b— /b2 — dac
1- 2V/2%/c
3
_ bk _ kb%—cgb+2c?d—2ack \/b + \/m
(g ¢ cvb2—4ac ) arctan V3
3 2/3 -
V2+/3¥c (b + Vb2 — 4ac)
1— 2 % %z
3
bl _ Ib2—chb+2c?e—2acl \/b+\/m
(h T T de ) arctan 73
22/3/3c2/3/ b+ \/b? — dac
(mb2 —cjb+ 262 f — 2acm) arctanh(j%)
+
3¢2v/b? — dac
2 27 3
(- 18 4 HE2ctnt2on) s (Y220 4 {fb— VB2 — dac)
2/3 -
3V2e (b— V¥ — dac)
(= 222t s (Y20 + /b= VB2 — dac)
_+_
3 22/3¢2/31/b — \/b2 — dac
kb2 —cgb+2c2d—2ack
oo (s U )
3v2/c <b+ Vb2 — 4ac)
2 _ 2,
- i) o (vt o Vo)
3 22/3¢2/3\/ b+ \/b2 — dac
—c a 2/3
(9 — %y kb2+2ccj(zz_gf:2 k)) log <22/3 2/332 — 2/c\/b— \/b? — dacz + ( 40,0) )

2/3 +
V/2c (b /b2 — 4ac\

3 dtex+ fr2+gxd4+hat4jxd+kps +lz7+mz 2/3
&h o 162 F2¢ 113)2 c(b@@c «D%g k22/3 2/3 2 \/_\/_\/b — 4ac:1,‘ ( 4(IC> )
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input

Int[(d + exx + f*x72 + g*x~3 + h*x™4 + j*x~5 + k*x"6 + 1*x~7 + m*x~8)/(a +
b*x~3 + c*x”6),x]

output

(k*x)/c + (1*x~2)/(2*%c) + (m*x~3)/(3*c) - ((g - (b*k)/c + (2*xc™2*d + b~2*k
- c*x(bxg + 2%axk))/(c*Sqrt[b~2 - 4*a*c]))*ArcTan[(1 - (2*%27(1/3)*c”(1/3)*
x)/(b - Sqrt[b~2 - 4*axc])~(1/3))/Sqrt[311)/(2~(1/3)*Sqrt[3]1*c~(1/3)*(b -
Sqrt[b~2 - 4%a*c])~(2/3)) - ((h - (bx1)/c + (2%c™2%e + b~2*1 - cx(b*h + 2%
a*x1))/(c*Sqrt[b~2 - 4*axc]))*ArcTan[(1 - (2%27(1/3)*c~(1/3)*x)/(b - Sqrt[b
~2 - 4xaxc])~(1/3))/Sqrt[311)/(27(2/3)*Sqrt [3]*c~(2/3)*(b - Sqrt[b~2 - 4*a
*c])~(1/3)) - ((g - (b*k)/c - (2%c™2*d - b*cxg + b~2%k - 2%axc*k)/(c*Sqrt[
b~2 - 4xaxc]))*ArcTan[(1 - (2%27(1/3)*c~(1/3)*x)/(b + Sqrt[b~2 - 4xaxc])~(
1/3))/Sqrt[3]11)/(27(1/3)*Sqrt [31*c~(1/3)*(b + Sqrt[b~2 - 4xaxc])~(2/3)) -
((h - (bx1)/c - (2%c™2*e - b*c*h + b™2*1 - 2xa*c*l)/(c*Sqrt[b~2 - 4*a*cl))
*ArcTan[(1 - (2%27(1/3)*c~(1/3)*x)/(b + Sqrt[b~2 - 4*a*c])~(1/3))/Sqrt[3]]
)/ (27(2/3)*Sqrt [3]1*c~(2/3)*(b + Sqrt[b™2 - 4*axc])~(1/3)) - ((2%c™2*f - bx*
c*j + b™2#m - 2xaxc*m)*ArcTanh[(b + 2*c*x~3)/Sqrt[b~2 - 4xa*xc]])/(3xc™2*Sq
rt[b”2 - 4xaxc]) + ((g - (b*k)/c + (2*%c™2*d + b"2xk - cx(bxg + 2*axk))/(c*
Sqrt[b”2 - 4xaxc]))*Logl[(b - Sqrt[b~2 - 4*a*c])~(1/3) + 27(1/3)*c~(1/3)*x]
)/ (3%27(1/3)*%c~(1/3)*(b - Sqrt[b~2 - 4*xa*c])~(2/3)) - ((h - (b*1)/c + (2*c
“2%e + b~2x1 - ckx(bxh + 2%ax1))/(c*Sqrt[b~2 - 4xa*c]))*Log[(b - Sqrt[b~2 -
4xaxc])~(1/3) + 27(1/3)*c”(1/3)*x])/(3%27(2/3)*c~(2/3)*(b - Sqrt[b~2 - 4x
a*c])~(1/3)) + ((g - (b*k)/c - (2*%c™2xd - b*c*g + b~2*k - 2*xaxc*k)/(cxSqrt
[b72 - 4xa*xc]))*Log[(b + Sqrt[b~2 - 4xa*xc])~(1/3) + 27(1/3)*c~(1/3)*x]) ...

-

rule 2009L

rule 2322

3.1.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(Pq )*((a_) + (b_)*(x_)"(n_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol] :> Mo

dule[{q = Expon[Pq, x], j, k}, Int[Sum[x~j*Sum[Coeff[Pq, x, j + k*n]l*x~(k*n
), {k, 0, (@ - j)/n + 1}]1*(a + b*x™n + c*x~(2*n))"p, {j, 0, n - 1}]1, x1] /;
FreeQ[{a, b, c, p}, x] & EqQ[n2, 2*n] && PolyQ[Pq, x] && NeQ[b~2 - 4xaxc,
0] && IGtQ[n, 0] && !PolyQ[Pq, x~nl

dtex+ fr’+gxd+hat4jx® 4 kab 4" +mad
3.1. f a+bx3+czb dzx

~—
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3.1.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 29.02 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.08

method | result
5 4 3 2
((7bm+cj)_R +(7bl+ch)_R +(7bk+gc)_R +(7am+cf)_R +(—al+ec)__ .
5 2
L34+ i224ks  _R=Rootof(__Z8ct_Z3b+a 2 Rev R
default | 2 2 + ( ) -
¢ c
5 3 2
((—bm+cj)_R +(—bl+ch)_R4+(—bk+gc)_R +(—am+cf)_R +(—al+ec)_
5 2
. h m$3 l:l:2 kx _R:RootOf(_Zec+_Z3b+a) 2_R c+_R b
Iisc 3c T2t =

input | int ((m*x~8+1*x~7+k*x~6+]*x"5+h*x~4+g*x~3+f*x"2+exx+d) / (c*x~6+b*x"3+a) ,x,me
thod=_RETURNVERBOSE)

output | 1/c*(1/3*m*x~3+1/2%1*x~2+k*x)+1/3/c*sum( ((-b*m+c*j)*_R"5+(-b*1l+cxh)*_R~4+(
-bxk+c*g) *_R™3+(-a*m+cxf)*_R™2+(-axl+c*e)*_R-axk+c*d)/ (2% _R™5*xc+_R™2*b)*1n
(x-_R), _R=Root0f (_Z~6*c+_Z"3%*b+a))

3.1.5 Fricas [F(-1)]

Timed out.

dz = Timed out

/d+e:c—|—fx2+gz3+hx4+jw5+kx6+lx7+mz8
a + bx3 + cxb

input \ integrate ((m*x~8+1*x~7+k*x~6+j*x"5+h*x~4+g*x~3+f*x"2+e*x+d) / (c*x~6+b*x"3+a

‘ ),x, algorithm="fricas")

output LTimed out

dtex+ fr’+gxd+hat4jx® 4 kab 4" +mad
3.1. f a+bx3+czb dzx
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3.1.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/d—|—em+fx2+gz3—|—hx4—|—jx5+kx6+lz7+mz8
a + bx3 + cxb

inpUt‘integrate((m*x**8+l*x**7+k*x**6+j*x**5+h*x**4+g*x**3+f*x**2+e*x+d)/(c*x**6
‘+b*x**3+a),x)

output LTimed out

3.1.7 Maxima [F]

dz

d+ex + fz* + gz + ha* + jz° + ka® + Iz7 + ma®
/ a + bx3 + cxb
_ mms—|—lm7—|—kx6+jx5+hx4+gx3+fx2+ex+ddw
crb 4+ bxd +a

input | integrate ((m*x~8+1*x~7+k*x~6+j*x " b+h*x"4+g*x~3+f*x"2+e*x+d) / (c*x~6+b*x"3+a
),x, algorithm="maxima")

output | 1/6*(2*m*x~3 + 3*1*x~2 + 6xk*x)/c - integrate(-((c*j - b*m)*x"5 + (c*h - b
*1)*x"4 + (c*g - bxk)*x"3 + (cxf - a*m)*x"2 + cxd - axk + (cxe - a*x1l)*x)/(
c*x~6 + b*x~3 + a), x)/c

3.1.8 Giac [F(-1)]

Timed out.

dz = Timed out

/d+ex—|—fx2+gx3+hx4+jx5+kx6+lx7+mx8
a + bx3 + cxb

input \ integrate ((m*x~8+1*x~7+k*x~6+j*x~5+h*x~4+g*x~3+f*x"2+e*x+d) / (c*x~6+b*x~3+a
‘ ),x, algorithm="giac")

output LTimed out

dtex+ fr’+gxd+hat4jx® 4 kab 4" +mad
3.1. f a+bx3+czb dzx
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3.1.9 Mupad [B] (verification not implemented)

Time = 52.38 (sec) , antiderivative size = 359169, normalized size of antiderivative = 215.33

d 2 3 4 hot iS4+ kxb + 17 8
/ +ex+ fo® +ga° + ha” + ja© + ka® + lz” + ma dz = Too large to display

a + bx3 + cxb

input int((d + e*x + f*x72 + g*x~3 + h*x"™4 + j*x~5 + k*x"6 + 1*x"7 + m*x~8)/(a +
b*x~3 + c*x"6),x)

output | symsum(log((x*(c~7*e”5 + c~7*d"4*j - a~bxc™2%175 - b~7*e”2*m~3 - a~2%b*c~4
*h~5 - axc™6*e”2%g”3 - b*c"6%e"2%f"3 + 2%axc”6%e"3*h"2 + b*c"6*%d"3*h"2 + a
“2xc"bxexh"4 + a”4xb"2%c*175 + 3*cT7T*d"2xexf"2 + 3*cT7*d"2*e"2*g + a~2xb”5
*d*m~4 - a”2%c"bkgT4*xj + a~3kcT4xgxj"4 + bka"4xc"3*ex1"4 + 3xbT2xc"5ke"4x1
+ bT6*c*e"2x173 - a"3*b"4*gkm~4 - a~3xc"4*h"4*1l - a"bkcT2xgkm~4 + a~4*xc”3
*j*k~4 + a~4xb"3xk*m~4 + b 2*c"b*e"2xg"3 + 3*b"2%c”"5*e”"3*h"2 - b~ 3*c"4*e”2
*h~3 + a”2xc"5*e"2%j"3 + a”2%c 5xg~3*%h"2 + b~4*c"3xe"2*j"3 + 10%a"2xc”5*e”
3%172 - 10%a~3%c"4*e"2%173 + b"3%c"4*d"3*%172 - b"bkc"2%e"2%k"3 - a"3%c”4*h
T2%j73 + 3%b74%c”"3%e”"3%172 - a"3%c"4%g"3%172 - a"2%b"5*%h"2*m”~3 - 2%a”"4*c”3
*h"2%173 + a"4%c”3%j73%172 - a"4%b"3*172*m"3 + bxc"6*d*f"4 - axcT6xf"4xg -
3*b*c"6*e"4xh - 4xc”T*xd*e"3*%f - 2%cT7*d"3*exh - 2%c”7xd"3xf*g - b*axc 6xe
“4x] - bxcT6%d"4*m + bT7*d*f*m”3 + axb*cTbkxf*g~4 - 2xaxcT6xdxf*g~3 + 2%axc
“6xexf"3xh + 3*bkcT6*%e”3*f*g + 2*axc”6xd*xf"3*%j + 3*bkcT6*d*e”3*j + 4*xaxc”6
*d*e~3*m + 4*xaxc 6xe 3kfxk + 4xaxcT6xe"3kgkj + 2%bkcT6*d"3*exl + 2xbxcT6*d
“3xfxk — bxcT6xd"3*gkxj — bT6kckd*f*173 + 2*akc 6xd"3*kgkm + 2*a*xc”6xd”3xhxl
+ 2%axb”6%e*h*m~3 - axb"6xfxgkm~3 - 4*akc”T6*d"3*j*k - axb"6kxd*j*m~3 - 2*a
“bxbxcxk*m~4 + 12%a”2%b"2%c"3%e"2%173 + a~2%b"2%c"3*h"2%j"3 - 10*a~2xb~3*c
T2%e72#m”3 - a"2%b"3%c"2¥h"2*k™3 - 3*a"2%b"3*c"2xh"3%172 + 3%a~3%b~2%c”2*h
"2%173 - 4*axb*c”5%e"2xh"3 + 2%a*b"2%c"4*exh”4 + a*b"3*c"3*d*j"4 - 2%a”"2%b
*C"4xd*jT4 - 3*bkcT6kd*e"2xg"2 - 2kaxbkcbkd"3*172 + 3kaxc 6kexf"2xg"2 ...

dtex+ fr’+gxd+hat4jx® 4 kab 4" +mad
3.1. f a+bx3+cxb dzx
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3.2 f a+bz"+cz2n dz

3.2.1 Optimalresult . .. ... .. ... .. .. 38
3.2.2 Mathematica [B] (verified) . . . . . ... ... Lo 39
3.2.3 Rubi [A] (verified) . . . . ... .. ... 39
324 Maple [F] . . . . . . 41
325 Fricas [F] . . . . . . o 41
3.2.6 Sympy [F] . . . . . 41l
3.27 Maxima [F] . . . . . . 42
328 Giac [F] . . . . . 42
3.29 Mupad [F(-1)] . . . .o 42

3.2.1 Optimal result

Integrand size = 16, antiderivative size = 124

/ 1 o _2030 Hypergeometric2F1 <1, 11+4 —b_j;—ngac)
a+ bx" + cx?n b2 — dac — bv/b? — 4dac
~ 2czx Hypergeometric2F'1 <1, %, 1+ %, —M%)

b2 — 4ac + b\/b? — 4ac

output ‘ -2xcxx*hypergeom([1, 1/n],[1+1/n],-2*%c*x"n/(b-(-4*a*c+b™2)~(1/2)))/(b"2-4%
‘ a*xc-b*(-4*axc+b~2) " (1/2) ) -2*c*x*hypergeom([1, 1/n],[1+1/n],-2*%c*x"n/(b+(-4
*axc+b™2)~(1/2)))/ (b"2-4xakc+bk (-4ka*c+b™2) " (1/2))

32, [t dx

a+bx™+cx2n



output

-

input LIntegrate[(a + b*x"n + c*x”(2*n))~(-1),x]
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3.2.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 261 vs. 2(124) = 248.

Time = 0.30 (sec) , antiderivative size = 261, normalized size of antiderivative = 2.10

/
i
(1,-|-b.’L'"-|-CZ2L

-1/n
_ z" : _1 1 —14n b—vb2—4ac
1 ( _—b+ \/2b2—4ac +zn ) Hypergeometr1C2F1 < n? n’ n 7 b—y/b2—4ac+2cz™ )

b2 — 4ac — b\v/b? — 4ac

= —2cx

—1/n
_o—1/n cx™ : _1 _1 —14n b+v/b%2—4ac
1-2 (b T —da +2Czn> Hypergeometric2F1 ( W T n ) b dact dean

Vb2 — 4ac (b + Vb? — 4ac)

+

-2%c*x*((1 - Hypergeometric2F1[-n~(-1), -n~(-1), (-1 + n)/n, (b - Sqrt[b~2
- 4xa*xc])/(b - Sqrt[b~2 - 4xaxc] + 2xc*x"n)]/(x"n/(-1/2*(-b + Sqrt[b~2 -
4xaxc])/c + x™n))"n"(-1))/(b"2 - 4xa*c - bxSqrt[b~2 - 4*axc]) + (1 - Hyper
geometric2F1[-n~(-1), -n~(-1), (-1 + n)/n, (b + Sqrt[b~2 - 4*axc])/(b + Sq
rt[b™2 - 4xaxc] + 2xc*x™n)]1/(2°n"(-1)*((c*x"n)/(b + Sqrt[b~2 - 4xaxc] + 2%

c*x™n))"n"(-1)))/(Sqrt[b~2 - 4*axc]*(b + Sqrt[b~2 - 4*axc])))

3.2.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.07,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 195 Ryles used

integrand size
= {1685, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ S S
a + bx™ + cx?n
l 1685

32, [t dx

a+bx™+cx2n
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1 1
¢ f cm"-l—% <b—m> o ¢ f cm"—{—% (b—i—\/M) dz
Vb2 — 4ac Vb2 — 4ac

l 778

2cx Hypergeometric2F1 (1, %, 1+ %, _b—jﬁ)

VQETTZEE(b-—»ﬁ?TTZEE)

2cx Hypergeometric2F'1 (1, %, 1+ %, —ﬁ%)

Vb2 — dac (\/b2 — 4ac+b>

-

input LInt[(a + b*xx™n + c*x~(2*n)) " (-1),x]

| —

output‘ (2*c*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2%c*x"n)/(b - Sqrt[b~2 -
‘ 4xa*xc])])/(Sqrt[b~2 - 4*a*xcl*(b - Sqrt[b~2 - 4xa*xc])) - (2*c*x*Hypergeome
‘tricZFl [1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b + Sqrt[b~2 - 4xaxc])])/(Sqrtl[
'b72 - 4xaxc]*(b + Sqrt[b™2 - 4%axcl))

3.2.3.1 Defintions of rubi rules used

rule 778‘ Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p*x*Hypergeometric2F

‘1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] & 'IGtQ[p
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 01)

e

rule 1685 Int[((a_) + (b_.)*(x_)~(n)) + (c_.)*(x_)"(m2_))"(-1), x_Symbol]l :> With[{q
‘= Rt[b~2 - 4xaxc, 2]}, Simp[c/q Int[1/(b/2 - q/2 + c*x"n), x], x] - Simpl[
‘c/q  Int[1/(b/2 + q/2 + c*x"n), x], x]] /; FreeQl{a, b, c}, x] && EqQ[n2,

L2*n] && NeQ[b~2 - 4xaxc, 0]

32, [t dx

a+bx™+cx2n
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3.2.4 Maple [F]

/ 1 dz
a+bx™+cx?

inputtint(1/(a+b*x‘n+c*x‘(2*n)),x)

output Lint (1/ (a+b*x"n+c*x~ (2*n)) ,x)

3.2.5 Fricas [F]

/ 1 dx—/ L dz
a+bz" +cx2 ) cx?m+bz"+a

inputLintegrate(1/(a+b*x“n+c*x“(2*n)),x, algorithm="fricas")

outputLintegral(l/(c*x‘@*n) + b*x™n + a), x)

3.2.6 Sympy [F]

T = x
a + bx™ + cx? a + bx™ + cx?

input Lintegrate (1/ (a+bkx*xn+c*x*k (2%n)) ,x)

output LIntegral(l/(a + bxx**n + c*x**(2*n)), x)

32, [t dx

a+bx™+cx2n
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3.2.7 Maxima [F]

/ 1 dz
a + bx" + cx2n

]

1
cx?™ + bz +a

inputLintegrate(1/(a+b*x“n+c*x‘(2*n)),x, algorithm="maxima")

outputLintegrate(l/(c*x‘(Q*n) + b¥x"n + a), x)

3.2.8 Giac [F]

/ 1 dz
a + bx™ + cx?

]

1
cx?™ 4+ bx™ + a

dz

inputkintegrate(1/(a+b*x‘n+c*x‘(2*n)),x, algorithm="giac")

output Lintegrate(l/(c*x"@*n) + b*x™n + a), x)

3.2.9 Mupad [F(-1)]

Timed out.

/ 1 dz
a + bx™ + cx?”

]

1

a+bx™+cx2n

dz

input Lint(l/(a + b*x"n + c*x~(2*n)),x)

output Lint(i/(a + b*x"n + c*x”~(2*n)), x)

32, [t dx

a+bx™+cx2n
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3.3 [ e _dx

a—+bx"+cx2n

3.3.1 Optimalresult . .. ... ... ... . . ...
3.3.2 Mathematica [A] (verified) . . . . . .. ... .. .
3.3.3 Rubi [A] (verified) . . .. ... .. ...
334 Maple [F] . . . . .
335 Fricas [F] . . . . . oo
3.36 Sympy [F] . . . . o
3.3.7 Maxima [F] . . . . .
3.38 Giac [F] . . . . . e
3.39 Mupad [F(-1)] . . . oo

3.3.1 Optimal result

Integrand size = 22, antiderivative size = 263

d+ex 2cdx Hypergeometric2F1 (1, 1,141, _b—jb+i74ac>
dr = —
/ a + bx™ + cx?" b2 — 4ac — b\/b? — 4ac
2cdx Hypergeometric2F'1 (1, %, 1+ %, —ng—iw>

b2 — 4ac + b\/b? — 4ac

2 : 2 24n _ 2cx™
~ cex” Hypergeometric2F'1 (1, R T m)

b2 — 4ac — b\/b? — 4ac

cex? Hypergeometric2F1 (1, 2 24n _ %)

b2 — 4ac + bvV'b? — 4ac

output -2xc*d*xxhypergeom([1, 1/n], [1+1/n],-2%c*x"n/(b-(-4*a*c+b~2)"~(1/2)))/(b"2-
4xaxc-bx (—4*xa*xc+b~2) ~(1/2) ) -cxexx~2+hypergeom([1, 2/n], [(2+n)/n],-2*c*x"n/
(b-(-4*axc+b~2)~(1/2)))/(b~2-4*a*c-b* (-4*axc+b~2) ~(1/2) ) -2*c*xd*x*hypergeom
([1, 1/n],[1+1/n],-2*c*x"n/ (b+(-4*a*xc+b~2)~(1/2)))/(b~2-4%a*xc+b* (-4*a*xc+b~
2)~(1/2))-c*exx~2*hypergeom([1, 2/n], [(2+n)/n],-2*c*x"n/ (b+(-4*a*xc+b~2) (1
/2)))/ (b~2-4*axc+b* (—4*axc+b~2)~(1/2))

33. f —_dter _ gn

a+bx™+cx2n



inputLIntegrate[(d + exx)/(a + b*x™n + c*x”(2%n)),x]

output
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3.3.2 Mathematica [A] (verified)

Time = 1.11 (sec) , antiderivative size = 525, normalized size of antiderivative = 2.00

/ d+ex
dz
a + bx™ + cx?

[ (R
—b+/b2—
_ —b+ 2bC 4ac+zn

n’ n’ n 7 p—y/b2—4dact+2cz™

b2 — 4ac — b\/b? — 4ac

—-2/n
) Hypergeometric2F1 (—2 _2 =24n b—/b%—dac >

=Cr| —€exr

+ b+/b2 —4ac+2ca™ n?’ n’ n I p+/b2—4ac+2cz™

Vb2 — 4ac (b + b2 — 4ac)

n —-2/n
1—47Y "( £ ) Hypergeometric2F1 (—2 —2 —2n _ bivbi-dac >

~—

cxxx (- (exx*((1 - Hypergeometric2F1[-2/n, -2/n, (-2 + n)/n, (b - Sqrt[b~2 -
4xaxc])/(b - Sqrt[b~2 - 4*a*xc] + 2*c*x™n)]/(x"n/(-1/2*%(-b + Sqrt[b~2 - 4x
axc])/c + x"n))~(2/n))/(b"2 - 4*axc - bxSqrt[b~2 - 4*axc]) + (1 - Hypergeo
metric2F1[-2/n, -2/n, (-2 + n)/n, (b + Sqrt[b~2 - 4*a*c])/(b + Sqrt[b~2 -
4xaxc] + 2xcxx"n)]/(4"n"(-1)*((c*x"n)/(b + Sqrt[b~2 - 4*a*c] + 2xc*xx"n)) " (
2/n)))/(Sqrt[b~2 - 4xa*xc]*(b + Sqrt[b~2 - 4xaxc])))) - 2*d*((1 - Hypergeom
etric2F1[-n~(-1), -n~(-1), (-1 + n)/n, (b - Sqrt[b~2 - 4*xa*c])/(b - Sqrt[b
~2 - 4xaxc] + 2*c*x"n)]/(x"n/(-1/2%(-b + Sqrt[b~2 - 4*axc])/c + x"n)) n"(-
1))/(b~2 - 4*a*c - b*Sqrt[b~2 - 4xaxc]) + (1 - Hypergeometric2F1[-n~(-1),
-n~(-1), (-1 + n)/n, (b + Sqrt[b~2 - 4*a*c])/(b + Sqrt[b~2 - 4*a*xc] + 2x*c*
x™n)]1/(2°n" (-1)*((c*x"n) /(b + Sqrt[b~2 - 4xa*xc] + 2*c*x™n)) n~(-1)))/(Sqrt
[b~2 - 4*a*xc]l*(b + Sqrt[b~2 - 4*axc]))))

3.3.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 263, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.136, Rules used

integrand size
= {2325, 2432, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

33. f —_dter _ gn

a+bx™+cx2n
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/ d+ex
—_——dz
a + bx™ + cx2n

l 2325

d+ex d+ex
2Cf 20m"+b—\/b2—4acdx _ 2Cf 2cac"+b-|—\/b2—4acdw
Vb% — 4ac Vb% — 4ac
l 2432
2c [ (- d - ex dr  2c/ d + £ dz
—2cx™—b+ —4ac —2cx™—b+ —4ac 2cx™+b+ —4ac 2cx™+b+ —4ac
b+vb2 b+vb2 . b+/b2 b+v/b2
Vb% — 4ac Vb% — 4ac
l 2009
: 1 1 _ 2cz™ 2 . 2 n42 _ 2cz™
o dacHypergeometrlcQFl<l,n,1+n, b—m> N exr Hypergeometrlc?Fl(l,n, =, b—m>
b—v/b%2—4ac 2(b—\/b2—4ac)
Vb%2 — 4ac
: 1 1 2ca™ 2 : 2 nt+2 _ 2ca™
o dx Hypergeometric2F1 (l,n,1+n, b+m> N er“ Hypergeometric2F1 (l,n, <=, b+\/m>
Vb2 —dac+b 2 <\/ b2 —4ac+b>
b2 — 4ac

e

inputLInt[(d + exx)/(a + b*x™n + c*x~(2*n)),x]

~—

output | (2xc* ((d*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b - Sqrt[b
"2 - 4xaxc])])/(b - Sqrt[b~2 - 4xaxc]) + (e*xx"2*xHypergeometric2F1[1, 2/n,
(2 + n)/n, (-2*c*x"n)/(b - Sqrt[b~2 - 4*a*c])])/(2*(b - Sqrt[b~2 - 4*axc])
)))/Sqrt[b~2 - 4*axc] - (2*c*((d*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1)
» (-2%cxx”n)/(b + Sqrt[b~2 - 4*xaxc])])/(b + Sqrt[b~2 - 4xa*xc]) + (e*x”™2x*Hy
pergeometric2F1[1, 2/n, (2 + n)/n, (-2xc*x"n)/(b + Sqrt[b~2 - 4*a*xc])])/(2
*(b + Sqrt[b~2 - 4xa*c]))))/Sqrt[b~2 - 4x*axc]

3.3.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2325 Int[(Pq_)/((a_) + (b_.)*(x))~(n_.) + (c_.)*(x_)~(n2_.)), x_Symboll :> With[
'{q = Rt[b™2 - 4xaxc, 2]}, Simp[2*(c/q) Int[Pq/(b - q + 2*c*x™n), x1, x] -
| simp[2%(c/q)  Int[Pq/(b + q + 2%c*x°n), x1, x1]1 /; FreeQ[{a, b, c, n}, x]
| & EqQ[n2, 2+n] & PolyQ[Pq, x] & NeQ[b™2 - 4*a*c, 0]

33. f —_dter _ gn

a+bx™+cx2n
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ruk32432‘1nt[(Pq_)*((a_) + (b_)*(x_)"(n_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[
‘Pq*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n, p}, x] && (PolyQ[Pq, x] || Poly
\ Q[Pq, x"nl)

3.3.4 Maple [F]

/ er+d
dz
a+bx™+cx

input | int ((e*x+d)/ (a+b*x n+c*x”(2%n)) ,x)

outputLint((e*x+d)/(a+b*x“n+c*x“(2*n)),X)

3.3.5 Fricas [F]

d+ex er+d
dzr = dz
a + bx™ + cx? cx?™ + bx™ + a

inputtintegrate((e*x+d)/(a+b*x‘n+c*x‘(2*n)),x, algorithm="fricas")

outputtintegral((e*x + d)/(c*x~(2%n) + b*x™n + a), x)

3.3.6 Sympy [F]

d+ex d+ex
dz = dz
a + bx™ + cx? a + bx™ + cx?

input Lintegrate ((e*x+d) / (a+bkxrkn+crx*k (2*n)) ,x)

outputLIntegral((d + exx)/(a + b*xxx*n + ckx**x(2%n)), x)

33. f —_dter _ gn

a+bx™+cx2n
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3.3.7 Maxima [F]

d+ex er+d
dzr = dz
a + bx™ + cx? cx?™ + bx™ +a

inputLintegrate((e*x+d)/(a+b*x“n+c*x‘(2*n)),x, algorithm="maxima")

outputtintegrate((e*x + d)/(c*x~(2*n) + b*x"™n + a), x)

3.3.8 Giac [F]

d+ex er+d
dzr = dz
a + bx™ + cx? cx?™ + bx" + a

inputtintegrate((e*x+d)/(a+b*x‘n+c*x‘(2*n)),x, algorithm="giac")

output Lintegrate((e*x + d)/(c*x~(2*n) + b*x"n + a), x)

3.3.9 Mupad [F(-1)]

d+ex d+ex
dzr = dx
a + bx™ + cx?" a+bx™+ cx2n

Timed out.

inputtint((d + exx)/(a + bkx™n + c*x~(2%n)),x)

outputLint((d + exx)/(a + b*x™n + c*x~(2*n)), x)

33. f —_dter _ gn

a+bx™+cx2n
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3.4 f d+ez+fz? dz

a+bx"+cxln

34.1 Optimalresult . .. ... ... . .. ..
3.4.2 Mathematica [B] (verified) . . . . . ... ... L Lo
3.4.3 Rubi [A] (verified) . . . . . . ...
344 Maple [F] . . . . o
345 Fricas [F] . . . . o o
3.4.6 Sympy [F] . . . .
347 Maxima [F] . . . . ...
348 Giac [F] . . . o e
349 Mupad [F(-1)] . . . oo

3.4.1 Optimal result

Integrand size = 27, antiderivative size = 404

d+ex + fa? 2cdx Hypergeometric2F1 <1, 1141 e 2/—,?;@6)
T =—
/ a + bx™ + cx?" b% — 4ac — b\/b2 — 4ac

: 1 1 2cz™
- 2cdzx Hypergeometric2F'1 (1, ol B _WTT@)

b2 — 4ac + b\/b? — 4ac

B cez? Hypergeometric2F1 (1, 2 2n —b_\%—im)
b? — 4ac — b\/b? — 4ac
~ cex? Hypergeometric2F1 (1, %, HT", —Hj;;—gim)

b2 — 4ac + bV/b? — 4ac

3 . 3 3+ 2cz™
~ 2cfxz’® Hypergeometric2F1 (1, =, o —W%Tag

3 (b2 —4ac — bVb% — 4ac)

~ 2cfx® Hypergeometric2F1 (1, %, ?""T", —Mﬁ)

3 (b2 — 4ac+ bvVb? — 4ac)

3.4. dieatfol g

a+bx™+cx2n
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output -2xc*d*x*hypergeom([1, 1/n], [1+1/n],-2%c*x"n/(b-(-4*axc+b~2)~(1/2)))/(b"2-
4xaxc-bk (-4*a*c+b~2) " (1/2))-c*e*x”~2xhypergeom([1, 2/n], [(2+n)/n],-2*c*x"n/
(b-(-4*a*xc+b~2)~(1/2)))/(b~2-4*a*c—b* (-4*a*xc+b~2) " (1/2))-2/3*c*f*x~3*hyper
geom([1, 3/n], [(3+n)/n],-2*c*x"n/(b-(-4*a*c+b~2)~(1/2)))/(b~2-4*a*c-b* (-4*
axc+b”2) ~(1/2))-2*c*d*x*hypergeom([1, 1/n],[1+1/n],-2*%c*x"n/(b+(-4*a*c+b~2
)~(1/2)))/(b"2-4*axc+b* (-4*axc+b~2) ~(1/2)) -cxexx~2xhypergeom([1, 2/n], [(2+
n)/n] ,-2*c*x"n/ (b+(-4*a*c+b”2)~(1/2)) )/ (b"2-4*xa*xc+b*x (-4*axc+b~2)~(1/2))-2/
3kcxf*x~3*hypergeom([1, 3/n], [(3+n)/n],-2*c*x"n/(b+(-4*a*c+b~2)~(1/2))) /(b
"2-4xaxc+bx (~4*a*xc+b~2) " (1/2))

N\ J

3.4.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 834 vs. 2(404) = 808.

Time = 0.92 (sec) , antiderivative size = 834, normalized size of antiderivative = 2.06

/ d+ ex + fx?
dx

a + bx™ + cx?

-3/n
z" : 3 _3 —=3+n
x <2fx2 ((—b2 + 4ac — bvb? — 4ac) (1 — (m) Hypergeometric2F1 (—ﬁ, —3 =sdn

n’> n 7 p-

e hY
Integrate[(d + exx + f*x"2)/(a + b*x™n + c*x”(2*n)),x]

N\ J

input

3.4. dieatfol g

a+bx™+cx2n
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(x* (2%£+x"2%x ((-b"2 + 4*axc - b*Sqrt[b~2 - 4*axc])*(1 - Hypergeometric2F1[-

3/n, -3/n, (-3 + n)/n, (b - Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc] + 2*
cxx"n)]/(x"n/(-1/2x(-b + Sqrt[b~2 - 4*axc])/c + x"n))~(3/n)) + (-b"2 + 4xa
*c + b*Sqrt[b~2 - 4*axc])*(1 - Hypergeometric2F1[-3/n, -3/n, (-3 + n)/n, (
b + Sqrt[b~2 - 4xaxc])/(b + Sqrt[b~2 - 4*a*c] + 2%c*x™n)]/(8"n~(-1)*((c*x~
n)/(b + Sqrt[b~2 - 4*a*xc] + 2xc*x"n))~(3/n)))) + 33xe*x*x((-b~"2 + 4*xa*c - bx*
Sqrt[b~2 - 4*axc])*(1 - Hypergeometric2F1[-2/n, -2/n, (-2 + n)/n, (b - Sqr
t[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc] + 2*c*x™n)]/(x"n/(-1/2*%(-b + Sqrt[b
“2 - 4xaxc])/c + x°n))"(2/n)) + (-b72 + 4xaxc + b*Sqrt[b~2 - 4*axc])*(1 -
Hypergeometric2F1[-2/n, -2/n, (-2 + n)/n, (b + Sqrt[b~2 - 4xaxc])/(b + Sqr
t[b~2 - 4xa*xc] + 2*c*x™n)]/(4°n"(-1)*((c*x"n)/(b + Sqrt[b~2 - 4*axc] + 2%c
*x"n))~(2/n)))) + 6*d*x((-b~2 + 4*axc - b*Sqrt[b~2 - 4*axc])*(1 - Hypergeom
etric2F1[-n~(-1), -n~(-1), (-1 + n)/n, (b - Sqrt[b~2 - 4*axc])/(b - Sqrt[b
~2 - 4xaxc] + 2*c*x"n)]/(x"n/(-1/2*x(-b + Sqrt[b~2 - 4*a*c])/c + x"n)) " n"(-
1)) - (Sqrt[b”2 - 4*a*xc]*(-b + Sqrt[b~2 - 4xa*c])*(27n~(-1)*((c*x"n)/(b +
Sqrt[b~2 - 4*axc] + 2*c*x"n)) n~(-1) - Hypergeometric2F1[-n~(-1), -n~(-1),
(-1 + n)/n, (b + Sqrt[b™2 - 4*a*c])/(b + Sqrt[b~2 - 4*a*xc] + 2%c*x"n)]))/
(2°n" (-1)*((c*x"n) /(b + Sqrt[b~2 - 4*a*c] + 2xcxx™n)) n~(-1)))))/(12xa*x(-b

=2 + 4x¥ax*c))

3.4.3 Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 387, normalized size of antiderivative = 0.96,
number of steps used = 3, number of rules used = 3, number of rules _ 0.111, Rules used

integrand size
= {2325, 2432, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ d+ex+ fx i

a + bx™ + cx?n

l 2325

fr2+ex+d fx24ex+d

2c f 20m"+b—\/b2—4acdx . 2¢ f 2cx™+b++1/b%2—4ac z

Vb% — 4ac Vb% — 4ac

J 2432
_ fa? _ ex _ d
26[ ( —2cxn—b+v/b2—4ac —2cx™—b+/b2—4ac —2cx”—b-|—\/b2—4ac) dz .
Vb% — 4ac
fxz? ex d
2Cf (2cz"+b+\/b2—4ac + 2cz™+b+1v/b2—4dac + 20:1:"+b+\/b2—4ac> dzx

Vb% — 4ac

3.4. dieatfol g

a+bx™+cx2n
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| 2009
dx Hypergeometric2F1 (1 , % ,1+% — b—j%) ex? Hypergeometric2F1 ( 1, % s "T"'z — b—jﬁ) fx3 Hypergeometric2F1 (1, %,
2c +
b—vb2—4ac 2(b—v4?—4ac) 3(b— Vb4
Vb% — 4ac
dx Hypergeometric2F1 (1 , % ,1+% — b-ﬁ-;ﬁ) ex? Hypergeometric2F1 (1 , % s "T"'z — b-&—;ﬁ) fx3 Hypergeometric2F1 (1, %,
2 + +
Vb2 —4act+b 2 (\/ b2 —4ac+b> 3 (\/ b2 —4ac+
Vb? — 4ac

-

inputLInt[(d + exx + f*x72)/(a + b*x™n + c*x~(2*n)),x]

~—/

output | (2xc* ((d*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b - Sqrt[b
"2 - 4xaxc])])/(b - Sqrt[b~2 - 4*a*c]) + (exx"2*Hypergeometric2F1[1, 2/nm,
(2 + n)/n, (-2*c*x"n)/(b - Sqrt[b~2 - 4*a*c])])/(2+(b - Sqrt[b~2 - 4x*axc])
) + (f*x~3xHypergeometric2F1[1, 3/n, (3 + n)/n, (-2*c*x"n)/(b - Sqrt[b~2 -
4xaxc])])/(3x(b - Sqrt[b~2 - 4xaxc]))))/Sqrt[b~2 - 4*a*xc] - (2*xcx((d*x*Hy
pergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b + Sqrt[b~2 - 4*axc])]
)/ (b + Sqrt[b~2 - 4*a*xc]) + (exx~2*Hypergeometric2F1[1, 2/n, (2 + n)/n, (-
2xcxx™n) /(b + Sqrt[b”2 - 4xa*c])])/(2x(b + Sqrt[b~2 - 4xaxc])) + (f*x~3*Hy
pergeometric2F1[1, 3/n, (3 + n)/n, (-2*c*x"n)/(b + Sqrt[b~2 - 4*axc])]1)/(3
*(b + Sqrt[b~2 - 4xaxc]))))/Sqrt[b”2 - 4*axc]

3.4.3.1 Defintions of rubi rules used

r

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

| —

rule 2325 Int[(Pq_)/((a_) + (b_.)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{q = Rt[b"2 - 4xa*c, 2]}, Simp[2*(c/q) Int[Pq/(b - q + 2%c*x"n), x], x] -
Simp[2*(c/q) Int[Pq/(b + q + 2*c*x"n), x], x]] /; FreeQ[{a, b, c, n}, x]
&& EqQ[n2, 2*n] && PolyQ[Pq, x] && NeQ[b~2 - 4*axc, 0]

ruk32432/1nt[(Pq_)*((a_) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[
Pg*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, n, p}, x] && (PolyQ[Pq, x] || Poly
Q[Pq, x"nl)

3.4. diestfol g

a+bx™+cx2n
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3.4.4 Maple [F]

fr?+ex+d
a+bz"+ cx?n

input Lint ((f*xx~2+e*x+d) / (a+b*x"n+c*x” (2*n)) ,x)

output Lint ((fxx~2+e*x+d) / (atb*x"n+c*x” (2*n)) ,x)

3.4.5 Fricas [F]

d+ ex + fx? frl+ex+d
dr = dz
a + bx™ + cx? cx?™ +bx" +a

input Lintegrate ((f*x~2+e*x+d) / (a+b*x "n+c*x~(2*n)) ,x, algorithm="fricas")

output‘integral((f*x“2 + exx + d)/(c*x~(2*%n) + b*x™n + a), x)

3.4.6 Sympy [F]

2 2
/d+e:c+fx d =/ d+ex+ fx d

T
a + bx™ + cx? a + bx™ + cx?

input Lintegrate ((£*x**x2+exx+d) / (a+b*x**kn+ckx** (2*n)) ,x)

output LIntegral((d + e*xx + fxx**2)/(a + bkx**n + c*x*x(2*n)), x)

3.4. f _dtext+fz? 4.

a+bx™+cx2n
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3.4.7 Maxima [F]

/ d+ex+ fx? fr*+ex+d
dzr =
a + bx™ + cx? cx?™ + bx" +a

input‘integrate((f*x“2+e*x+d)/(a+b*x“n+c*x“(2*n)),x, algorithm="maxima")

outputtintegrate((f*x“2 + exx + d)/(c*x”(2*%n) + b*x"n + a), x)

3.4.8 Giac [F]

2 2
/d-l—ea:-l—fx dx=/ fx*+ex+d da

a + bx™ + cx? cx?™ + bx™ +a

inputLintegrate((f*x“2+e*x+d)/(a+b*x‘n+c*x“(2*n)),x, algorithm="giac")

outputtintegrate((f*x‘2 + exx + d)/(c*x”(2*%n) + b*x"n + a), x)

3.4.9 Mupad [F(-1)]

Timed out.

/ d+ex + fx? fx’+ex+d
dr =
a + bx™ + cx?” a+bx™+cx2n

inputtint((d + exx + f*x~2)/(a + b*x™n + c*xx~(2*n)),x)

outputtint((d + exx + £*x~2)/(a + b*x™n + c*x~(2%n)), x)

3.4. f _dtext+fz? 4.

a+bx™+cx2n
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3.5 f d+ex+ fz2+gx3 dz
) a+bz"+czn

3.5.1 Optimalresult . . .. .. ... .. ... .. e
3.5.2 Mathematica [B] (verified) . . . . . . ... .. .. Lo
3.5.3 Rubi [A] (verified) . . . . . ... .. 50
3.5.4 Maple [F] . . . . . B
3.5.,5 Fricas [F] . . . . . . o B
3.5.6 Sympy [F(-1)] . . . . BYY)
3.5.7 Maxima [F] . . ... . e by
358 Giac [F] . . . o 59
3.5.9 Mupad [F(-1)] . . . . o 601

3.5.1 Optimal result

Integrand size = 32, antiderivative size = 545

/d+ ex + fa? + gz’ o _2cdx Hypergeometric2F1 (1, %, 1+ %, —dﬁ)

a + bz + cxn

2cdx Hypergeometric2F1 (1, 1141,

b2 — 4ac — b\V/b? — 4ac

2cx™

T b+vb2—4ac

)

b2 — 4ac + b\/b? — 4ac

2 24n

cez? Hypergeometric2F1 (1, 5 = b—\%—i%>

b?2 — 4ac — b\V/b? — 4ac

2 24n

2 : 2cz™
B cex” Hypergeometric2F'1 (1, 2, = —m)

2cfx® Hypergeometric2F1 (1 3 34n

b2 — 4ac + bv'b? — 4ac

'm0 b—/b2—4dac

2cz™ )

3 (b2 —4ac — bvb% — 4ac)

2cfx® Hypergeometric2F1 (1, 3 3in _

n’ n ?

2cx™
b+vb%2—4ac

3 (b2 — 4ac+ bvVb? — 4ac)

4 44n

cgz* Hypergeometric2F1 (1, =, —dﬁ)

2 (b2 —4ac — bVb% — 4ac)

4 44n

cgz* Hypergeometric2F1 (1, T, —M%)

2 (b2 —4ac + b\/b? — 4ac)

d+ex+ fa2+gx
3.5. [T d
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-2xcxd*x*hypergeom([1, 1/n], [1+1/n],-2*c*x"n/(b-(-4*axc+b~2)~(1/2)))/(b"2-
4xaxc-bx(-4*axc+b”2) " (1/2)) -cre*x"2xhypergeom([1, 2/n], [(2+n)/n],-2%c*x"n/
(b-(-4*a*xc+b~2)~(1/2)))/ (b~2-4*a*xc-b* (-4*a*xc+b~2) ~ (1/2))-2/3%c*f*x"3xhyper
geom([1, 3/n], [(3+n)/n],-2*c*x"n/(b-(-4*axc+b~2)~(1/2)))/(b~2-4*a*c-b* (-4*
a*c+b™2) " (1/2))-1/2*c*g*x"4xhypergeom([1, 4/nl, [(4+n)/n],-2*c*x"n/(b-(-4*a
*C+b~2) 7 (1/2))) / (b™2-4%a*c-b* (-4*a*xc+b~2) ~(1/2) ) -2*cxd*x*hypergeom([1, 1/n
1, [1+1/n] ,-2*c*x"n/ (b+(-4*a*c+b~2) ~(1/2)) ) / (b~2-4*a*c+b* (-4*a*xc+b~2) ~(1/2)
)_C*e*x“Q*hypergeom( [1, 2/n], [(2+n)/n] ,-2*c*x"n/ (b+(-4*axc+b~2)~(1/2)))/(b
~2-4*akxc+b* (-4*axc+b”2) ~(1/2))-2/3*cxf*x"3*xhypergeom([1, 3/n], [(3+n)/n],-2
*cxx"n/ (b+(~4*a*xc+b~2) ~(1/2)) )/ (b~2-4*a*c+b* (~4*a*xc+b~2) ~(1/2) ) -1/2%ckxgxx"
4xhypergeom([1, 4/n], [(4+n)/n],-2*c*x"n/(b+(-4*axc+b~2)"(1/2)))/ (b 2-4*a*c
+b* (—4*a*xc+b~2) " (1/2))

3.5.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 1093 vs. 2(545) = 1090.

Time = 1.28 (sec) , antiderivative size = 1093, normalized size of antiderivative = 2.01

/d+ez+ﬁﬁ+gﬁ
dz
a + bx™ + cx?”

—4/n
x <3gx3 <(—b2 + 4ac — byv/b? — 4ac) (1 — (__H:”Q—@) Hypergeometric2F1 (—%,
2c

_4 —44n _

n?

n

’b_

-

inputLIntegrate[(d + exx + f*x"2 + g*xx~3)/(a + b*x"n + c*x~(2*n)),x]

|

d+ex+ fa2+gx
3.5. [T d
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output | (x*(3*gxx~3*%((-b~2 + 4xa*xc - bxSqrt[b~2 - 4xaxc])*(1 - Hypergeometric2F1[-
4/n, -4/n, (-4 + n)/n, (b - Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc] + 2%
cxx™n)]/(x"n/(-1/2x(-b + Sqrt[b~2 - 4*axc])/c + x"n))~(4/n)) + (-b"2 + 4xa
*c + b*Sqrt[b~2 - 4*axc])*(1 - Hypergeometric2F1[-4/n, -4/n, (-4 + n)/n, (
b + Sqrt[b~2 - 4*axc])/(b + Sqrt[b™2 - 4*a*c] + 2*c*xx™n)]/(2"(4/n)*((c*x"n
)/ (b + Sqrt[b~2 - 4*axc] + 2*c*x"n))~(4/n)))) + 4*fxx"2x((-b"2 + 4*xa*c - b
*Sqrt[b~"2 - 4xaxc])*(1 - Hypergeometric2F1[-3/n, -3/n, (-3 + n)/n, (b - Sq
rt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*a*c] + 2*xcxx™n)]/(x"n/(-1/2*%(-b + Sqrt[
b~2 - 4*axc])/c + x"n))~(3/n)) + (-b"2 + 4xakxc + b*Sqrt[b~2 - 4*axc])*(1 -
Hypergeometric2F1[-3/n, -3/n, (-3 + n)/n, (b + Sqrt[b~2 - 4xaxc])/(b + Sq
rt[b~2 - 4%a*xc] + 2%c*x"n)]/(8"n~(-1)*((c*x"n)/(b + Sqrt[b~2 - 4*axc] + 2%
c*x™n))~(3/n)))) + 6*e*xxx((-b"2 + 4*akc - b*Sqrt[b~2 - 4*a*xc])*(1 - Hyperg
eometric2F1[-2/n, -2/n, (-2 + n)/n, (b - Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2
- 4xaxc] + 2*xc*x"n)]/(x"n/(-1/2%(-b + Sqrt[b~2 - 4*ax*c])/c + x"n))~(2/n))
+ (-b"2 + 4xaxc + bxSqrt[b~2 - 4*a*c])*(1 - Hypergeometric2F1[-2/n, -2/n,
(-2 + n)/n, (b + Sqrt[b™2 - 4*a*xc])/(b + Sqrt[b~2 - 4*a*xc] + 2*c*x"n)]1/(4~
n~ (-1 *((c*x"n) /(b + Sqrt[b”2 - 4xa*c] + 2*c*xx™n))~(2/n)))) + 12*d*x((-b"2
+ 4xa*xc - bxSqrt[b~2 - 4xa*c])*(1 - Hypergeometric2F1i[-n~(-1), -n~(-1), (-
1 + n)/n, (b - Sqrt[b™2 - 4*a*c])/(b - Sqrt[b”2 - 4*a*c] + 2xc*x"n)]/(x"n/
(-1/2%(-b + Sqrt[b~2 - 4xa*c])/c + x™n))"n"(-1)) - (Sqrt[b~2 - 4xaxc]*(...

3.5.3 Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 511, normalized size of antiderivative = 0.94,
_ _ o number of rules _

number of steps used = 3, number of rules used = 3, integrand size 0.094, Rules used

= {2325, 2432, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/d+®x+ﬁﬁ+gﬁ
a + bx™ + cx’n

l 2325
gx3+fxltex+d g3+ fxltex+d
2c f 20:1:"+b—\/62—4acdx _ 2c f 2cx™+b+vb%2—4ac z
Vb% — 4ac Vb% — 4ac
l 2432

d+ex+ fa2+gx
3.5. [T d
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2¢ f — gz? _ fz? _ ex _ d dx
—2cxn—b+vb2—4ac —2cxm—b+v/b2—4ac —2cx™—b+/b2—4ac —2cx™—b+/b2—4ac _
Vb% — 4ac

3 2
gz fz ex d
2Cf <20z”+b—|—\/b2—4ac + 2cxm+b+/b2—4ac + 2cz”+b+vb2—4ac + 2c:c"+b+\/b2—4ac> dzx

Vb2 — 4dac

| 2009

. 1 1 _ 2ca™ 2 : 2 nt2 _ 2ca™ 3 : 3
o dx Hypergeometric2F1 (1, =14, 71:—@) N ez Hypergeometric2F1 (1, o, 7b_\/m) fz° Hypergeometric2F1 (1, =
b—Vb?—4ac 2(b—v#?—4ac) 3(b— VP4

Vb2 — 4ac
. 1 1 _ 2cz™ 2 : 2 nt2 _ 2cz™ 3 . 3
o dx Hypergeometric2F1 (1, 1t b+\/m) N ex” Hypergeometric2F1 (1, =, 2=, 7b+\/m> fz° Hypergeometric2F1 (1, o
Vb2 —4ac+b 2 <\/ b2 —4a,c+b> 3 (\/ b2—4ac+

Vb2 — 4dac

p
input LInt[(d + exx + fxx”2 + g*x~3)/(a + b*x™n + c*x~(2*n)),x]

|

output | (2xc*((d*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b - Sqrt[b
~2 - 4xaxc])])/(b - Sqrt[b~2 - 4*axc]) + (e*x~2xHypergeometric2F1[1, 2/m,
(2 + n)/n, (-2%c*x"n)/(b - Sqrt[b~2 - 4xa*c])])/(2x(b - Sqrt[b~2 - 4*axc])
) + (f*x~3*Hypergeometric2F1i[1, 3/n, (3 + n)/n, (-2*c*x"n)/(b - Sqrt[b~2 -
4xa*xc])])/(3*(b - Sqrt[b~2 - 4*axc])) + (g*x~4*Hypergeometric2Fi[1, 4/m,
(4 + n)/n, (-2*c*x"n)/(b - Sqrt[b~2 - 4*a*c])])/(4*(b - Sqrt[b~2 - 4*axc])
)))/Sqrt[b~2 - 4*axc] - (2*c*((d*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1)
» (-2%cxx”n)/(b + Sqrt[b~2 - 4*axc])])/(b + Sqrt[b~2 - 4xa*xc]) + (e*x~2x*Hy
pergeometric2F1[1, 2/n, (2 + n)/n, (-2xc*x"n)/(b + Sqrt[b~2 - 4xaxc])])/(2
*(b + Sqrt[b~2 - 4xaxc])) + (f*x"3xHypergeometric2F1i[1, 3/n, (3 + n)/n, (-
2xc*x"n) /(b + Sqrt[b~2 - 4xa*c])])/(3*x(b + Sqrt[b~2 - 4xa*xc])) + (gxx~4xHy
pergeometric2F1[1, 4/n, (4 + n)/n, (-2*c*x™n)/(b + Sqrt[b~2 - 4*a*xc])])/(4
*(b + Sqrt[b”2 - 4x*axc]))))/Sqrt[b~2 - 4*ax*c]

d+ex+ fa2+gx
3.5. [T d
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3.5.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2325 Int[(Pq_)/((a_) + (b_.)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{q = Rt[b"2 - 4*a*c, 2]}, Simp[2*(c/q) Int[Pq/(b - q + 2*c*x"n), x], x] -
Simp[2*(c/q) Int[Pq/(b + q + 2*c*x"n), x], x]] /; FreeQ[{a, b, c, n}, x]
&& EqQ[n2, 2*n] && PolyQ[Pq, x] && NeQ[b~2 - 4xa*c, 0]

rule 2432 Int[(Pq_)*((a_) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[
Pg*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, n, p}, x] && (PolyQ[Pq, x] || Poly
Q[Pq, x"nl)

3.5.4 Maple [F]

/gw3+fx2+ea:—|—d
dx
a+bx™+cx

inputtint((g*x‘3+f*x‘2+e*x+d)/(a+b*x‘n+c*x‘(2*n)),x)

output Lint ((g*x~3+f*x"2+exx+d) / (a+b*x n+c*x” (2*n) ) ,x)

3.5.5 Fricas [F]

dz

/d+ex—|—fx2+gm3 /g$3—|—fz2+em+d
dr =
a+ bz™ + cx?n cx?™ + bx" + a

inputLintegrate((g*x‘3+f*x‘2+e*x+d)/(a+b*x‘n+c*x‘(2*n)),x, algorithm="fricas")

outputtintegral((g*x‘B + £xx72 + exx + d)/(c*x~(2%n) + b*x"n + a), x)

3.5. j‘iizzii%fi&éidz

a+bx™+cx2n
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3.5.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/d+ex+fx2+gx3
a + bxn + cx2n

input Lintegrate ((gxx**3+fxx**2+exx+d) / (atbxx*k*n+cxx*k* (2*n) ) ,x)

output LTimed out

3.5.7 Maxima [F]

dz

/d+ex+fx2+gx3 /gx3+fx2+eac+d
dx =
a + bz™ + cx?" cx?™ + bx" 4+ a

input Lintegrate ((g*x~3+f*x"2+exx+d) / (a+b*x " n+c*x”(2#n)) ,x, algorithm="maxima")

output Lintegrate((g*x“B + fxx72 + e*x + d)/(c*x”(2*n) + b*x™n + a), x)

3.5.8 Giac [F]

dz

/d+ex+fx2+gx3 /gx3+fx2+ex+d
dr =
a + bx™ + cx?" cx?™ + bz + a

input Lintegrate ((g*x~3+f*x"2+exx+d) / (a+b*x"n+c*x~(2#n)) ,x, algorithm="giac")

output Lintegrate((g*x”B + £xx72 + exx + d)/(c*x"(2%n) + b*x"n + a), x)

3.5. f dtez+faitga® 4.

a+bx™+cx2n
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3.5.9 Mupad [F(-1)]

Timed out.

/d+ﬁx+ﬁﬁ+gﬁd _/@x&+ﬁﬁ+ex+d
a + bx™ + cx®n a-+bzx"+ cx2n

dzx

input Lint((d + exx + f*x"2 + g*x~3)/(a + b*x"n + c*x~(2+*n)),x)

Outputtint((d + exx + fxx72 + g*x~3)/(a + b*x"n + cxx"(2*n)), x)

3.5. f dtez+faitga® 4.

a+bx™+cx2n
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3.6 f( L dx

a-+bz"+cz?")
3.6.1 Optimalresult . .. ... ... ... . ... 611
3.6.2 Mathematica [A] (verified) . . . . . .. ... ... Lo 62
3.6.3 Rubi [A] (verified) . . . .. ... ... 62
3.64 Maple [F] . . . . . . 64
3.6.5 Fricas [F] . . . . . . . 64
3.6.6 Sympy [F(-1)] . . . . 65)
3.6.7 Maxima [F] . . ... . ... 65
3.6.8 Giac [F] . . . . . o 65
3.6.9 Mupad [F(-1)] . . . . . o 66

3.6.1 Optimal result

Integrand size = 16, antiderivative size = 283

1 i — z(b*> — 2ac + bex™)
(a+bz" +cx?)®  a(b®—4ac)n(a+ bz" + cz?")

c(4ac(1 — 2n) — b*(1 — n) — bv/b? — dac(1 — n)) z Hypergeometric2F1 (1, 1141, —H?%Ta)

a (b? — 4ac) (b* — 4ac — bv/b? — dac) n
c(4ac(1 — 2n) — b*(1 — n) + bv/b? — dac(1 — n)) = Hypergeometric2F1 (1, 11415, —ng—g’ﬁm)

a (b* — 4ac) (b — dac + bv/b? — dac) n

output | x* (b"2-2*a*c+b*c*x"n)/a/(-4*a*c+b”2) /n/ (a+b*x " n+c*x~ (2*n) ) -c*xx*hypergeom ( [
1, 1/n], [1+1/n],-2*c*x"n/(b-(-4*a*xc+b~2)~(1/2)))*(4*a*xc*x(1-2*n)-b~2*(1-n)-
b* (1-n) * (—4*xa*xc+b~2) ~(1/2)) /a/ (-4*a*xc+b~2) /n/ (b~ 2-4*a*c—b* (-4*a*xc+b~2) ~(1/
2)) -c*x*hypergeom([1, 1/n],[1+1/n],-2*c*x"n/(b+(-4*axc+b™2)~(1/2)))*(4*a*c
*(1-2%n)-b"2* (1-n) +b* (1-n) * (—4*a*c+b~2) ~(1/2) ) /a/ (-4*a*xc+b~2) /n/ (b~ 2-4*a*xc
+b* (~4*a*xc+b~2)~(1/2))

N J

L dz

3-6. f W
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3.6.2 Mathematica [A] (verified)

Time = 2.68 (sec) , antiderivative size = 456, normalized size of antiderivative = 1.61

1
(a + bz™ + ca?r)?

dz =

4a2en—b?(—14n)z" (b+cz™)+a(—b?n+be(—3+4n)z™ +2c2(—1+2n)z2")
a+z" (b+cz™)

2=1/nge (4110\/ b2 —4ac(1—2n)+b% (—14+n)—4abc(—14n)-
_l’_

-

inputLIntegrate[(a + bxx™n + cxx”(2%n))~(-2),x]

~—

output | - ((x*x((4*a~2*c*n - b~2x(-1 + n)*x"n*x(b + c*x"n) + ax(-(b~2%n) + b*cx(-3 +
4xn)*x"n + 2xc”2+ (-1 + 2+#n)*x~(2*n)))/(a + x"nk(b + c*x"n)) + (akcx(4d*xaxc*
Sqrt[b~2 - 4*axc]*(1 - 2xn) + b~3*%(-1 + n) - 4*axbxcx(-1 + n) + b~2*Sqrt[b
"2 - 4xaxc]*(-1 + n))x*Hypergeometric2F1[-n~(-1), -n~(-1), (-1 + n)/n, (b -
Sqrt[b~2 - 4*axc])/(b - Sqrt[b™2 - 4*a*c] + 2*cxx"n)])/(2°n"(-1)*Sqrt[b~2
- 4xaxc]*(-b”2 + 4xaxc + bxSqrt[b~2 - 4xa*c])*((c*x"n)/(b - Sqrt[b~2 - 4x
a*c] + 2%c*x™n)) n"(-1)) + (axc*(-(b~2%(-1 + n)) + b*Sqrt[b~2 - 4*axc]l*(-1
+ n) + 4*axcx(-1 + 2*n))*Hypergeometric2F1[-n~(-1), -n~(-1), (-1 + n)/n,

(b + Sqrt[b~2 - 4*axc])/(b + Sqrt[b~2 - 4xa*c] + 2*c*x"n)])/(2°n~(-1)*Sqrt
[b°2 - 4xa*c]l*(b + Sqrt[b~2 - 4*a*xc])*((c*x"n)/(b + Sqrt[b~2 - 4*axc] + 2x
cxx"n))"n"(-1))))/(a"2%(b"2 - 4*a*c)*n))

3.6.3 Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 277, normalized size of antiderivative = 0.98,
number of steps used = 4, number of rules used = 4, number of rules _ 0.250, Rules used

integrand size
= {1683, 25, 1752, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ! dz
(a + bz + ca?n)?
| 1683
z(—2ac+ b? + bez™) - _bc(l_n)x:wtiaccﬁ;iz)_w(1_n) dz
an (b — 4ac) (a + bz™ + cx?”) an (b — 4ac)

L dz

3-6. f W
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l 25

f —bc(1—n)z"+2ac(1—2n)—b%(1—n) dr

w(—2ac +b2+ bcw")

bz +cz?"+a +
an (b — 4ac) an (b — 4ac) (a + bz™ + cx?")
| 1752
c(—b(l—n)\/bz—4a,c+4a,c(1—2n)—(b2(1—n))> J c:v”+%(b—1\/b2—4ac) dz c(b(l—n)\/bz—4a,c+4a,c(1—2n)—(b2(1—n))> fwllﬂ\/jac)
2vb2—4ac o 2v/b2—4ac
an (b2 — 4ac)

z(—2ac+ b + bez™)
an (b2 — 4ac) (a + bz™ + cx??)

l 778

cx (—b(l—n)\/ b2—4ac+4ac(1—2n)— (b2 (1—n))> Hypergeometric2F'1 (1, % 1+ % — bj%) cx (b(l—n)\/ b2—4ac+4ac(1—2n)— (b%(1-n)
- —4ac

Vb2—4ac (b— Vb2 —4ac)

Vb2—4ac

an (b — 4ac)
z(—2ac + b? + bez™)
an (b2 — 4ac) (a + bz™ + cz?")

e

inputLInt[(a + b*x"n + c*xx”(2%n)) " (-2) ,x]

~—

output | (x*(b~2 - 2%a*c + b*c*x"n))/(ax(b”2 - 4*a*c)*n*(a + b*x™n + cxx~(2*n))) +

((cx(4*axc*x(1 - 2%n) - b"2x(1 - n) - b*Sqrt[b~2 - 4*a*xcl*(1 - n))*xxHyperg
eometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b - Sqrt[b~2 - 4*axc])])/(S
qrt[b"2 - 4*axc]l*(b - Sqrt[b~2 - 4*axc])) - (c*x(4xaxc*(1 - 2*n) - b"2*(1 -
n) + b*Sqrt[b~2 - 4xaxc]*(1 - n))*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-
1), (-2*c*x"n)/(b + Sqrt[b~2 - 4*axc])])/(Sqrt[b~2 - 4xa*xc]*(b + Sqrt[b~2

- 4xaxc])))/(ax(b"2 - 4*a*c)*n)

3.6.3.1 Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 778‘Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a"p*x*Hypergeometric2F

‘1[-p, 1/n, 1/n + 1, (-b)x(x"n/a)l, x] /; FreeQ[{a, b, n, p}, x] & !'IGtQ[p
, 0] & !IntegerQ[1/n] && 'ILtQ[Simplify[i/n + pl, 0] && (IntegerQ[pl ||
‘GtQ[a, 01)

L dz

3-6. f W
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rule 1683

rule 1752

Int[((a_ ) + (c_)*(x_)"(n2_.) + (b_)*(x_)"(n_.))"(p_), x_Symbol]l :> Simp[(-
x)*(b"2 - 2%a*c + bxc*kx"n)*((a + b*x™n + c*x"(2*n)) " (p + 1)/(a*nx(p + 1)*(b
"2 - 4xaxc))), x] + Simp[1/(a*n*(p + 1)*(b~2 - 4xaxc)) Int[(b~2 - 2%a*c +
n*x(p + 1)*(b~2 - 4*axc) + bxck(n*(2%p + 3) + 1)*x"n)*(a + b*x"n + c*x~(2*n
D)~ + 1), x]1, x]1 /; FreeQl[{a, b, c, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && ILtQ[p, -1]

Int[((d)) + (e_)*(x_)"(n))/((a.) + (b_)*(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Simp[(e/2 + (2xc*d - bxe)/(2*q))

Int[1/(b/2 - /2 + c*x"n), x], x] + Simp[(e/2 - (2xc*d - b*e)/(2%q)) I
nt[1/(d/2 + q/2 + c*x"n), x], x]] /; FreeQl{a, b, c, d, e, n}, x] & EqQ[n2
, 2%n] && NeQ[b~2 - 4x*a*c, 0] && NeQ[c*d~2 - bxd*e + axe™2, 0] && (PosQ[b~2
- 4xaxc] || 'IGtQ[n/2, 0])

3.6.4 Maple [F]

/ ! dz
(a4 bz 4 cx2n)?

input L

int (1/ (a+b*x"n+c*x~(2*n)) ~2,x)

output L

int (1/ (a+b*x"n+cxx~ (2*n)) ~2,x)

-

3.6.5 Fricas [F]

/ ! ia— [ . da
€Tr =
(a + bz + ca?n)? (cx?™ + bz" + a)®

input Lintegrate (1/ (atb*x"n+c*x~(2*n) ) "2,x, algorithm="fricas")

output ‘

L

-/

integral(1/(c”2*x~(4#n) + b~2*x~(2*n) + 2%a*b*x"n + a2 + 2*(b*c*x"n + a*c
)*x”~(2%n)), x)

~

L dz

3-6. f W
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3.6.6 Sympy [F(-1)]

Timed out.

1
/ (@t bon + cz2”)2 dz = Timed out

inputLintegrate(1/(a+b*x**n+c*x**(2*n))**2,x)

outputLTimed out

3.6.7 Maxima [F]

/ ! dx = / ! dz
(a + bz + ca?n)? (cx?™ 4 bz" + a)®

p
input Lintegrate (1/ (at+b*x"n+c*x~(2*n) ) "2,x, algorithm="maxima")

-/

output‘ (bxc*xx*x™n + (b™2 - 2%a*c)*x)/(a”2*xb~2*n — 4*a”3*c*n + (a*xb™2*cxn — 4*xa”~ 2%
‘c‘2*n)*x‘(2*n) + (axb”3%n - 4*a”~2*b*c*n)*x"n) - integrate(-(b*c*(n - 1)*x~
‘n - 2%axc*(2%n - 1) + b™2x(n - 1))/(a"2%b"2%n - 4*a~3*cxn + (axb™2%c*n - 4
‘*a“2*c‘2*n)*x”(2*n) + (axb~3%n - 4%a~2%b¥c*n)*x"n), x)

3.6.8 Giac [F]

/ ! dz = / ! dz
(a + bz~ 4 czn)? (cx?m + bz + a)®

input Lintegrate (1/ (at+b*x"n+c*x~(2*n)) ~2,x, algorithm="giac")

outputtintegrate((c*x‘@*n) + b*x™n + a)~(-2), x)

L dz

3.6. f W
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3.6.9 Mupad [F(-1)]

Timed out.

/ ! d / ! dz
T =
(a + bz + cx?n)? (a4 bzn + ca2n)?

input Lint(l/(a + b*xx™n + c*x~(2*n))"2,x)

output Lint(l/(a + b*x"n + c*xx~(2%n)) "2, x)

L dz

3-6. f W
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3.7 | ; dter __ dx

a-+bz"+cz?") 2
3.7.1 Optimalresult . . .. .. ... . . . ... 671
3.7.2 Mathematica [B] (verified) . . . . . . ... ... Lo 68}
3.7.3 Rubi [A] (verified) . . . . ... .. ... 69
3.74 Maple [F] . . . . o (71l
3.7.5 Fricas [F] . . . . . .
3.7.6  Sympy [F(-1)] . . . .
3.7.7 Maxima [F] . . . . .
3.7.8 Giac [F] . . . . . 73]
3.79 Mupad [F(-1)] . . . . o o 73]

3.7.1 Optimal result

Integrand size = 22, antiderivative size = 738

d+ex - dz(b® — 2ac + bex™) ex?(b? — 2ac + bez™)
(a+bz" +cz2)® a(b®—4ac)n(a+bz" +cz?)  a(b? —4ac)n(a+ bz + cz?")
~ cd(4ac(l — 2n) — b*(1 — n) — bv/b? — 4ac(1l — n))  Hypergeometric2F1 (1, 1141 —jg—;%w)
a (b® — 4ac) (b* — 4ac — bv/b? — dac) n
- cd(4ac(l — 2n) — b*(1 — n) + bv/b? — 4dac(1l — n)) z Hypergeometric2F1 <1 11+ H\?%Tac)

a (b® — 4ac) (b — dac + bv/b? — dac) n
ce(4ac(l — n) — b*(2 — n)) 2 Hypergeometric2F1 (1, 2 2dn b_%)
a (b% — 4ac) (b%> — dac — bv/b?> — dac) n
ce(4ac(l — n) — b*(2 — n)) 2 Hypergeometric2F1 (1, 2 2dn _ b+5%>

a (b* — 4ac) (b? — dac + bv/b? — 4ac)

2bc%e(2 — n)x?™" Hypergeometric2F1 <1 zo 21+ 1), - V%)
- a(b? — 4ac)3/2 (b— Vb —4ac) n(2 + n)
2bc’e(2 — n)x?*t" Hypergeometric2F1 ( Hr, 7 +5Z§W>

+

2(1+
a (b2 — dac)’/? (b+ Vb2 —4dac) n(2 + n)

7 +car:2"

37. [ (a+bd+ez > dzx
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d*x* (b~2-2%a*c+bxc*x"n) /a/ (-4*a*xc+b~2) /n/ (a+b*x "n+c*kx™ (2*n) ) +exx 2% (b~2-2%
a*c+b*xc*x~n) /a/ (-4*a*c+b”2) /n/ (a+b*x"n+c*x” (2%n) ) -2*%b*c”~2*e* (2-n) *x~ (2+n) *
hypergeom([1, (2+n)/n], [2+2/n],-2*c*x"n/(b-(-4*a*c+b~2)~(1/2)))/a/(-4*a*c+
b~2)~(3/2) /n/(2+n) / (b (-4*a*c+b~2) " (1/2) ) +2*b*c~2*e* (2-n) *x~ (2+n) *hypergeo
m([1, (2+n)/n], [2+2/n],-2*%c*x"n/ (b+(-4*axc+b~2)~(1/2)))/a/(-4*xa*xc+b~2) " (3/
2)/n/(2+n) / (b+(-4*axc+b~2) ~(1/2) ) -c*e* (4*a*c* (1-n) -b~2*(2-n) ) *x~2*hypergeo
m([1, 2/n], [(2+n) /n],-2*%c*x"n/ (b-(-4*a*xc+b~2)~(1/2)))/a/(-4*a*xc+b~2)/n/ (b~
2-4xa*c-bx (—4*a*c+b~2) " (1/2))-c*e* (4d*a*xcx(1-n)-b~2*(2-n) ) *x~2xhypergeom([1
, 2/n], [(2+n) /n] ,-2%c*x~n/ (b+(-4*a*xc+b~2)~(1/2)))/a/ (-4*a*c+b~2) /n/ (b~2-4*
axc+bx (~4*xa*xc+b~2) ~(1/2) ) -cxd*x*hypergeom([1, 1/n],[1+1/n],-2*c*x"n/(b-(-4
*xa*xc+b™2) " (1/2)) ) * (4*axc* (1-2%n) -b~ 2% (1-n) -b* (1-n) * (—4*a*c+b~2) ~(1/2)) /a/(
-4*axc+b~2) /n/ (b~2-4*a*c-b* (-4*axc+b~2) ~(1/2) ) -cxd*x*hypergeom([1, 1/n],[1
+1/n] ,-2%c*x"n/ (b+(-4*xaxc+b~2) ~(1/2)) ) *(4*xaxc* (1-2%n) -b~2* (1-n) +b* (1-n) * (-
dxaxc+b~2) " (1/2))/a/ (-4*axc+b~2) /n/ (b~ 2-4*a*c+b* (—4*axc+b~2) " (1/2))

3.7.2 Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 4162 vs. 2(738) = 1476.

Time = 6.42 (sec) , antiderivative size = 4162, normalized size of antiderivative = 5.64

d+ex
(a + bzn + cxn)?

dz = Result too large to show

inputLIntegrate[(d + exx)/(a + b*x™n + c*x~(2*n))"2,x]
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output | (xx(d + exx)*(-b"2 + 2xa*c - bxc*x"n))/(ax(-b"2 + 4xaxc)*n*(a + b*x"n + c*
x~(2*n))) - (bxc*e*x”(2 + n)*(x™n)~(2/n - (2 + n)/n)*(-(Hypergeometric2F1[
-2/n, -2/n, (-2 + n)/n, -1/2*%(-b - Sqrt[b~2 - 4xaxc])/(c*(-1/2*%(-b - Sqrt[
b~2 - 4xaxc])/c + x"n))]1/(Sqrt[b”2 - 4*xaxc]l*(x"n/(-1/2*x(-b - Sqrt[b~2 - 4%
axc])/c + x"n))~(2/n))) + Hypergeometric2F1[-2/n, -2/n, (-2 + n)/n, -1/2%(
-b + Sqrt[b~2 - 4xa*c])/(cx(-1/2*(-b + Sqrt[b~2 - 4*a*c])/c + x"n))]1/(Sqrt
[b72 - 4*a*xc]*(x"n/(-1/2*%(-b + Sqrt[b~2 - 4xaxc]l)/c + x"n))~(2/n))))/(2*a*
(-b72 + 4*axc)) + (bxcke*x”(2 + n)*(x™n)~(2/n - (2 + n)/n)*(-(Hypergeometr
ic2F1[-2/n, -2/n, (-2 + n)/n, -1/2%(-b - Sqrt[b~2 - 4xaxc])/(c*(-1/2*%(-b -
Sart[b~2 - 4*axc])/c + x"n))]1/(Sqrt[b~2 - 4xa*cl*(x"n/(-1/2*x(-b - Sqrt[b”
2 - 4xaxc])/c + x"n))~(2/n))) + Hypergeometric2F1i[-2/n, -2/n, (-2 + n)/n,
-1/2%(-b + Sqrt[b~2 - 4*a*xc])/(cx(-1/2*(-b + Sqrt[b~2 - 4*a*cl)/c + x"n))]
/(8qrt[b~2 - 4xaxc]*(x"n/(-1/2*(-b + Sqrt[b~2 - 4*a*c])/c + x"n))~(2/n))))
/(a*(-b~2 + 4*axc)#*n) + (b~2*exx"2x((1 - Hypergeometric2F1[-2/n, -2/n, (-2
+ n)/n, -1/2%(-b - Sqrt[b~2 - 4*a*xc])/(cx(-1/2%(-b - Sqrt[b~2 - 4*a*cl)/c
+ x™n))]/(x"n/(-1/2*x(-b - Sqrt[b~2 - 4*a*c])/c + x"n))~(2/n))/((b*(-b - S
qrt[b~2 - 4*axc]))/(2*c) + (-b - Sqrt[b~2 - 4*a*c])~2/(2xc)) + (1 - Hyperg
eometric2F1[-2/n, -2/n, (-2 + n)/n, -1/2%(-b + Sqrt[b~2 - 4*a*xc])/(c*(-1/2
*(-b + Sqrt[b~2 - 4*axc])/c + x™n))]/(x"n/(-1/2x(-b + Sqrt[b~2 - 4*a*cl)/c
+ x7n))~(2/n))/((bx(-b + Sqrt[b~2 - 4*axc]))/(2*c) + (-b + Sqrt[b~2 - ...

3.7.3 Rubi [A] (verified)

Time = 1.45 (sec) , antiderivative size = 738, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ 0.091, Rules used

' integrand size
= {2328, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ d+ex iz
(a + ba™ + cx?n)?

l 9328

u/"< d 4 ex ) i
(a+bz" + ca?)?  (a + bz" + can)?
l 2009
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~ 2bc?e(2 — n)x™ 2 Hypergeometric2F1 < nt2 2(1+4 1), bj%)
an(n + 2) (b2 — 4ac) 3/2 (b Vb2 4ac>
9 +2 n+2 1 _ 2cx™
2bc“e(2 — n)x"™* Hypergeometric2F1 (1, 2 2(1+ 1) ,—b+m>
an(n + 2) (b2 — 4ac)>/? (\/b2 —4dac+ b)
cdw(—b(l — )V — dac + dac(1 — 2n) — (b2(1 - n))) Hypergeometric2F1 (1, 11+1 —b_\?%)
an (b — 4ac) (—b\/ b2 — dac — 4ac + b2>
cdz (b(l —n)Vb? — dac + 4ac(l — 2n) — (B*(1 — n))) Hypergeometric2F1 ( v 142 —b+3g;"im>
an (b2 — 4ac) (b\/ b2 — 4ac — 4ac + b2>
dz(—2ac + b + bez™)

an (b2 — 4ac) (a + bz™ + ca?®)

cez?(4ac(1l — n) — b*(2 — n)) Hypergeometric2F1 (1, 2 nt2 _b—jﬁ)

an (b? — 4ac) (—b\/b2 — dac — 4ac+ b2>

cex? (4ac(1 —n)—b*(2— n)) Hypergeometric2F1 (1, %, "T"'z, —Iﬁ\;ﬁ)

an (b2 — 4ac) (b\/ b2 — dac — dac + b2)
z%(—2ac + b* + bez™)
an (b2 — 4ac) (a + bz™ + cz")

_|_

+

p
input LInt[(d + exx)/(a + bxx"n + c*x~(2*n))~2,x]

~—

" +car:2"

37. [ (a+bd+ez > dzx



output
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(d*xx*(b™2 - 2%a*c + bxc*x"n))/(a*(b™2 - 4*a*xc)*n*(a + bxx™n + cxx~(2*n)))
+ (exx"2%(b"2 - 2xaxc + b*c*x"n))/(ax(b”2 - 4*axc)*n*(a + bxx™n + c*x~(2*n
))) - (ckdx(4*xaxc*(1 - 2*%n) - b™2%(1 - n) - b*Sqrt[b~2 - 4*akc]*(1 - n))*x
xHypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*%c*x"n)/(b - Sqrt[b~2 - 4xa*c
11)/(ax ("2 - 4xa*xc)*(b~2 - 4*axc - bxSqrt[b~2 - 4*axc])*n) - (ckdx*(4*axc
*(1 - 2%n) - b™2%(1 - n) + bxSqrt[b~2 - 4xa*c]*(1 - n))x*xxHypergeometric2F
1[1, n~(-1), 1 + n~(-1), (-2*%c*x"n)/(b + Sqrt[b~2 - 4xaxc])])/(ax(b~2 - 4x*
axc)*(b"2 - 4xa*c + bxSqrt[b~2 - 4xa*c])*n) - (ckex(4*axcx(1 - n) - b™2%(2
- n))*x~2*Hypergeometric2F1[1, 2/n, (2 + n)/n, (-2*c*x"n)/(b - Sqrt[b~2 -
4xaxc])])/(ax(b™2 - 4*axc)*(b~2 - 4*xa*xc - b*Sqrt[b~2 - 4xaxc])*n) - (c*ex
(4*a*cx(1 - n) - b™2%(2 - n))*x"2+Hypergeometric2F1[1, 2/n, (2 + n)/n, (-2
xc*x"n) /(b + Sqrt[b™2 - 4*a*c])])/(ax(b~2 - 4*axc)*(b"2 - 4xa*c + bxSqrt[b
"2 - 4xaxc])#*n) - (2%b*c”2xex(2 - n)*x~(2 + n)*Hypergeometric2F1[1, (2 + n
Y/n, 2%(1 + n~(-1)), (-2*c*x"n)/(b - Sqrt[b~2 - 4*axc])])/(a*x(b"2 - 4xa*c)
~(8/2)*(b - Sqrt[b~2 - 4*axc])*n*(2 + n)) + (2%b*c™2*ex(2 - n)*x~(2 + n)*H
ypergeometric2F1[1, (2 + n)/n, 2*(1 + n~(-1)), (-2*c*x"n)/(b + Sqrt[b~2 -
4xaxc])])/(a*x(b~2 - 4*xaxc)~(3/2)*(b + Sqrt[b~2 - 4*a*c])*n*(2 + n))

3.7.3.1 Defintions of rubi rules used

r

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

ruk32328(1nt[(Pq_)*((a_) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.))"(p_), x_Symbol] :>

input

‘Int[ExpandIntegrand[Pq*(a + b*x"n + c*x~(2*n))"p, x], x] /; FreeQl{a, b, c,
" n}, x] &k EqQ[n2, 2+n] && PolyQ[Pq, x] && ILtQlp, -1]

-

3.7.4 Maple [F]

/ er+d dx
(a4 bz 4 cx2n)?

int ((e*x+d) / (a+b*x"n+c*x~ (2*n)) ~2,x)

N

output‘int((e*x+d)/(a+b*x“n+c*x“(2*n))”2,X)
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3.7.5 Fricas [F]

/ d+ex do — / er+d dx
(a 4 bz + cx?n)? (cx?m + bz™ + a)’

inputLintegrate((e*x+d)/(a+b*x“n+c*x‘(2*n))“2,x, algorithm="fricas")

output‘integral((e*x + d)/(c”2xx~(4*%n) + b~2xx~(2*%n) + 2%axb*x™n + a~2 + 2*(b*c*x
‘“n + axc)*x~(2*n)), x)

3.7.6 Sympy [F(-1)]

Timed out.

dtex dz = Timed out
(a 4 bz~ 4 czn)?

input Lintegrate ((e*x+d) / (a+b*x**n+cxx** (2*n) ) **2, x)

output LTimed out

3.7.7 Maxima [F]

/ d+ex @P—/) er +d dx
(a + bz + ca?n)? (cx?™ 4 bz" + a)®

input Lintegrate ((e*x+d) / (a+b*x"n+c*x”(2*n)) ~"2,x, algorithm="maxima")

output | ((b™2*e — 2*xaxcke)*x~2 + (b*ckxe*x™2 + bxcxd*x)*x™n + (b"2*%d - 2*axc*xd)*x)/
(a™2xb~2xn - 4%a”~3*ckn + (a*b~2kc*n - 4*a~2%c”2%n)*x~(2*n) + (axb~3*n - 4%
a”2%bxc*n)*x"n) - integrate((2¥axc*d*(2*n - 1) - b72xd*x(n - 1) - (b*cxex(n
- 2)*%x + b¥ckd*(n - 1))*x"n + (4*xaxc*ex(n - 1) - b 2xex(n - 2))*x)/(a"2*b
“2xn - 4*a”3*cxn + (axb"2*ckn - 4*xa”~2*c”2*n)*x~(2*n) + (a*b~3*n - 4*a”2xbx*

c*n)*x°n), x)
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3.7.8 Giac [F]

/ d+ex do — / er+d dx
(a 4 bz + cx?n)? (cx?m + bz™ + a)’

inputLintegrate((e*x+d)/(a+b*x“n+c*x‘(2*n))“2,x, algorithm="giac")

output Lintegrate((e*x + d)/(c*xx~(2%n) + b*x"n + a)~2, x)

3.7.9 Mupad [F(-1)]

Timed out.

/ d+er dm—/ d+ex dx
(a + bz + cx?n)? (a+bz" + cx?n)?

input Lint((d + exx)/(a + bxx"n + c*x~(2*n))"2,x)

output Lint((d + exx)/(a + b*x"n + c*xx~(2%n)) "2, x)

3.7. f (a—i—bwd:#%)z dz
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3.84 Maple [F] . . . . . . 79
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3.8.1 Optimal result

Integrand size = 27, antiderivative size = 1194

d+ex+ fz? . dz(b*> — 2ac + bex™)
(a+bz" +cz?)? a(b? —4dac)n(a+ bz" + cz?)
ex?(b? — 2ac + bcz™) fr3(b* — 2ac + bezx™)

a(b? —4ac)n (a+bz™ + cx®) = a(b? — dac)n (a + bx™ + cx?")

d(4ac(1 —2n) = (1 —n) — bV/b? — 4ac(1 - n)) z Hypergeometric2F1 ( 1 % 1+ %, ——b_jz;’im>

cd(4ac(l — 2n) — b*(1 — n) + bV/b? — 4ac(1 —n)) z Hypergeometric2F1 (1,1,1+ 1, —i)

b++/b2—4ac
a (b% — 4ac) (b? — dac + bv/b? — 4dac) n
9 2 . 2 24n 2cx
ce(4ac(l — n) — b*(2 — n)) z* Hypergeometric2F1 (1, Y P
a (b% — 4dac) (b% — dac — bv/b?> — dac) n
ce(dac(l — n) — b*(2 — n)) 22 Hypergeometric2F1 (1 2240 2o

'nd Y py/b2—dac
a (b% — 4ac) (b? — dac + bv/b? — 4dac) n

2cf(2ac(3 — 2n) — b*(3 — n)) «* Hypergeometric2F1 (17 ETR _b_%>

3a (b2 — 4ac) (b* — dac — bVb? — dac) n

2cf(2ac(3 — 2n) — b*(3 — n)) z* Hypergeometric2F1 (1, 3 &n ——b+3§%4ac>

3a (b% — 4ac) (b? — 4dac + bv/b? — dac) n

2bc’e(2 — n)x?t" Hypergeometric2F1 <1, Hn 2(1+2), —d%)
- a(b? — 4ac)3/2 (b — Vb — dac) n(2 +n)

2bc%e(2 — n)x?T" Hypergeometric2F1 < Zn 2(1+ 1), - — 5 \/b;m)
+ a (b2 — 4ac)*” (b + Vb2 — 4ac) n(2 + n)

2bc? f(3 — n)z**™ Hypergeometric2F1 (1, n 2+ 3, —b_jg—im>
a a (b2 — dac)/? (b — Vb? — dac) n(3 + n)
s 2bc? (3 — n)z*™™ Hypergeometric2F1 (1, “T", 2+ %, _b+5b+i74ac>

a (b2 — dac)/? (b+ vb% — 4ac) n(3 +n)

3.8. f % d.’L'
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output | d*x* (b~2-2*axc+b*c*x™n) /a/ (—4*a*xc+b~2) /n/ (a+b*x " n+c*x~ (2#n) ) +e*xx~2* (b~2-2*
a*c+b*c*x~n) /a/ (-4*a*c+b”2) /n/ (a+b*x"n+c*x” (24n) ) +£*+x~3*% (b~2-2*%a*c+b*c*x™n
)/a/ (-4xa*c+b~2) /n/ (a+b*x"n+c*x” (2*n) ) -2*b*c”~2xe* (2-n) *x~ (2+n) xhypergeom ( [
1, (2+n)/n], [2+2/n],-2*c*x"n/ (b-(-4*a*xc+b~2) ~(1/2)))/a/(-4*xaxc+b~2)~(3/2)/
n/(2+n) / (b—(-4*a*xc+b~2) ~(1/2) ) -2%b*c~2*f*(3-n) *x~ (3+n) *hypergeom([1, (3+n)
/n], [2+3/n] ,-2*c*x"n/ (b- (-4*a*c+b~2) ~(1/2)))/a/ (-4*a*c+b~2)~(3/2) /n/(3+n)/
(b-(-4*axc+b~2) ~(1/2) ) +2xbxc~2*e* (2-n) *x~ (2+n) *hypergeom([1, (2+n)/n], [2+2
/n] ,-2xc*xx"n/ (b+(-4*axc+b~2) " (1/2)))/a/(-4*a*c+b~2) " (3/2) /n/ (2+n) / (b+(-4*a
*C+b~2) " (1/2)) +2xbxc~2xf* (3-n) *x~ (3+n) *hypergeom([1, (3+n)/n], [2+3/n],-2*c
*x"n/ (b+(-4*axc+b~2)~(1/2)))/a/(-4*a*c+b~2) ~(3/2) /n/ (3+n) / (b+(-4*a*xc+b~2) "~
(1/2) ) -c*ex (4*axc*x (1-n)-b~2*(2-n) ) *x~2*hypergeom([1, 2/n], [(2+n)/n],-2*c*x
“n/ (b-(-4*axc+b~2)~(1/2))) /a/ (-4*axc+b~2) /n/ (b~2-4*axc-b* (-4*a*xc+b~2) " (1/2
))=2/3%ckfx (2xaxc* (3-2%n) -b~2* (3-n) ) *x~3*hypergeom([1, 3/n], [(3+n)/n],-2*c
*x7n/ (b-(-4*axc+b~2) ~(1/2))) /a/ (-4*axc+b~2) /n/ (b~ 2-4*a*c-b* (-4*axc+b~2) " (1
/2))-cxex(4xa*xc*(1-n) -b~2%(2-n) ) *x~2*hypergeom([1, 2/n], [(2+n)/n],-2*c*x"n
/ (b+(-4*a*c+b~2)~(1/2))) /a/ (-4*a*c+b~2) /n/ (b~ 2-4*a*c+b* (-4*a*xc+b~2) ~(1/2))
-2/3*%cxf*(2xaxc* (3-2*%n)-b~2* (3-n) ) *x~3*hypergeom([1, 3/n], [(3+n)/n],-2*c*x
“n/ (b+(-4*axc+b~2)~(1/2)))/a/ (-4*axc+b~2) /n/ (b~2-4*axc+b* (-4*a*xc+b~2) ~(1/2
))—cxd*x*hypergeom([1, 1/n],[1+1/n],-2*c*x"n/(b-(-4*a*c+b~2)~(1/2)))* (4xax*
c*(1-2%n)-b~2*(1-n) -b*(1-n) * (-4*a*xc+b~2) ~(1/2)) /a/(-4*a*xc+b~2) /n/(b~2-4. ..

3.8.2 Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 6525 vs. 2(1194) = 2388.

Time = 6.55 (sec) , antiderivative size = 6525, normalized size of antiderivative = 5.46

d+ex + fx?
(a4 bz + caxn)?

dz = Result too large to show

p
input‘Integrate[(d + exx + f*xx~2)/(a + b*x"n + c*x~(2%n))"2,x]

-

output

Result too large to show

N\
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3.8.3 Rubi [A] (verified)

Time = 1.90 (sec) , antiderivative size = 1194, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ ( 474 Ryles used

integrand size
= {2328, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ d+ex + fz? -
(a + bz + ca?n)?

l 9328

/ ( d + ex + fa* > dz
(a4 bz +cx2)®  (a+ bz +ca?)?®  (a+ bz + ca?n)?
| 2009

3.8. f ﬁ% d.’L'
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2bc?e(2 — n) Hypergeometric2F1 (1, o2 2(14 1), - - j;;”m) e
a a(b?— 4(10)3/2 (b - m> n(n +2) "
2bc%e(2 — n) Hypergeometric2F1 (1, "TH, 2(1 + %) ) —ﬁ%) "2
a (b2 — dac)®/? (b + M) n(n+2) .
2bc? f(3 — n) Hypergeometric2F1 <1, ntd 943, —b_jﬁ) e
a (b2 — 4ac)®/? (b - M) n(n + 3) "
2bc? f(3 — n) Hypergeometric2F1 ( , "23, 2 + b-i-jﬁ) ™t

a (b2 — 4ac)®/? (b + M) n(n + 3)

2cf (2ac(3 — 2n) — b*(3 — n)) Hypergeometric2F1 (1, 3 ntd —b_ﬁ%) 3

3a (b? — 4ac) (62 — /b2 — 4achb — 4ac) n
2¢cf (2ac(3 — 2n) — b%(3 — n)) Hypergeometric2F1 ( nt3 2cz” ) 3
(

"nY n 0 pr/b2—dac
3a (b? — 4ac) <b2 + /b2 — 4ach — 4ac) n
f(bca:n +b? - 2ac) z3
a (b? — 4ac) n (bz™ + cz?" + a)

ce(4ac(1 — n) — b*(2 — n)) Hypergeometric2F1 (1 2 nt2 —b_j%) z?

a (b2 — 4ac) (b2 — Vb2 —4dach — 4ac> n

ce (4ac(1 —n)—b*2— n)) Hypergeometric2F'1 (1, 721, ";‘1'2, b+j§ffm) 2

+

a (b2 — 4ac) <b2 + Vb2 — dacb — 4ac) n i
e(bez™ + b? — 2ac) z?
a (b2 — 4ac) n (bz™ + cz®* + a)
cd(—((l —n)b?) — Vb2 — dac(l — n)b + 4dac(l — 2n)) Hypergeometric2F1 ( ,i1+1 %) x

a (b2 — 4ac) (b2 — /b2 —4ach — 4ac) n
cd(— (1 = n)b?) + Vb2 — dac(l — n)b + 4ac(l — 2n)> Hypergeometric2F1 (
a (b?2 — 4ac) (62 + Vb% — dach — 4ac> n

d(bez™ + b* — 2ac) ©
a (b2 — 4ac) n (bz™ + cz® + a)

1+ 1 2cx™
*n? b+vb2—4dac

+

p
input | Int[(d + exx + f*x~2)/(a + b*x™n + c*x~(2*n))~2,x]

3.8. f % d.’L'
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rule 2009

rule 2328

input

output
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(d*xx*(b™2 - 2%a*c + bxc*x"n))/(a*(b™2 - 4*a*xc)*n*(a + bxx™n + cxx~(2*n)))
+ (exx"2%(b"2 - 2xaxc + b*c*x"n))/(ax(b”2 - 4*axc)*n*(a + bxx™n + c*x~(2*n
))) + (£xx73%(b"2 - 2%a*c + b*c*x"n))/(ax(b”2 - 4*a*xc)*n*x(a + b*x™n + c*x”
(2%n))) - (c*d*(4*axcx(1 - 2*n) - b™2*(1 - n) - b*Sqrt[b~2 - 4xa*c]*(1 - n
)) *x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x™n)/(b - Sqrt[b"2 - 4
xa*xc])])/(ax(b~2 - 4*axc)*(b~"2 - 4*axc - b*Sqrt[b™2 - 4*xa*c])#*n) - (cxd*(4
*xaxcx(1 - 2xn) - b™2%x(1 - n) + b*Sqrt[b~2 - 4*axc]*(1 - n))*x*Hypergeometr
ic2F1[1, n~(-1), 1 + n~(-1), (-2%c*x"n)/(b + Sqrt[b™2 - 4*axc])]1)/(a*(b~2
- 4xa*xc)*(b"2 - 4xaxc + b*Sqrt[b~2 - 4*axc])#*n) - (ckex(4xaxc*(1 - n) - b~
2%(2 - n))*x"2+Hypergeometric2F1[1, 2/n, (2 + n)/n, (-2*c*x"n)/(b - Sqrt[b
"2 - 4xaxc])])/(a*(b”2 - 4xaxc)*(b~2 - 4*axc - b*Sqrt[b~2 - 4*a*xc])*n) - (
ckex(4*xaxcx(1 - n) - b™2%(2 - n))*x"2*Hypergeometric2F1[1, 2/n, (2 + n)/n,
(-2xc*x"n) /(b + Sqrt[b~2 - 4xa*c])])/(ax(b"2 - 4*a*xc)*(b"2 - 4xa*c + bxSq
rt[b~2 - 4*axc])#*n) - (2%c*f*(2*kaxc*x(3 - 2%n) - b~2%(3 - n))*x"3*Hypergeom
etric2F1[1, 3/n, (3 + n)/n, (-2*cxx"n)/(b - Sqrt[b~2 - 4*a*c])])/(3*ax(b"2
- 4*axc)*(b"2 - 4*axc - b*Sqrt[b”2 - 4xa*c])#*n) - (2xc*kfx(2*a*xcx(3 - 2#n)
- b~2%(3 - n))*x"3*Hypergeometric2F1[1, 3/n, (3 + n)/n, (-2*c*x"n)/(b + S
qrt[b~2 - 4xaxc])])/(3*a*x(b~2 - 4xaxc)*(b~2 - 4xaxc + b*Sqrt[b~2 - 4xaxc])
*n) - (2xbxc”2*e*(2 - n)*x~(2 + n)*Hypergeometric2F1[1, (2 + n)/n, 2*x(1 +
n~(-1)), (-2%c*x™n)/(b - Sqrt[b~2 - 4*a*c])])/(ax(b”2 - 4*a*xc)~(3/2)*(b...

3.8.3.1 Defintions of rubi rules used

e

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

e

Int[(Pq_)*((a_) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.))"(p_), x_Symbol] :>
‘Int[ExpandIntegrand[Pq*(a + b*x"n + c*x~(2*n)) p, x], x] /; FreeQ[{a, b, c,
Ln}, x] && EqQ[n2, 2*n] && PolyQ[Pq, x] && ILtQ[p, -1]

3.8.4 Maple [F]

/‘ fx*+er+d
(a4 bz 4 cx2n)?

‘int((f*x“2+e*x+d)/(a+b*x“n+c*x“(2*n))“2,x)

Lint((f*x‘2+e*x+d)/(a+b*x“n+c*x‘(2*n))‘2,x)

3.8. f ﬁ% d.’L'
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3.8.5 Fricas [F]

d+ex + fr? fr’+ex+d
n andIE: 2n n de
(a + bz™ + cx?") (cx?™ + bz™ + a)

inputLintegrate((f*x‘2+e*x+d)/(a+b*x‘n+c*x‘(2*n))‘2,x, algorithm="fricas")

output‘integral((f*x‘2 + e*xx + d)/(c™2%x~(4%n) + b~2%x”(2%n) + 2*a*xb*x"n + a2 +
L2*(b*c*x‘n + akc)*x~(2%n)), x)

3.8.6 Sympy [F(-1)]

Timed out.

5 dz = Timed out

/ d+ ex + fx?
(a + bx™ + cx?")

input Lintegrate ((£xx*x2+exx+d) / (a+bxxkkn+ckxk* (2%n) ) **2,x)

output ‘ Timed out

3.8.7 Maxima [F]

2 2 d
e e e
(a + bz™ + cx®) (cx?™ + bz™ + a)

inputLintegrate((f*x“2+e*x+d)/(a+b*x‘n+c*x“(2*n))“2,x, algorithm="maxima")

output | ((b™2*f - 2xaxc*f)*x"3 + (b "2%e - 2*axcxe)*x"2 + (b*c*f*x"3 + b*cxexx~2 +
bxcxd*x)*x™n + (b"2*d - 2*axcxd)*x)/(a"2*%b"2%n - 4*a~3*c*n + (axb"2kc*n -
4xa~2%c”"2xn)*x~(2*n) + (axb~3%n - 4xa”2*b*c*n)*x"n) - integrate ((2*a*c*d*(
2%n - 1) - b™2xd*x(n - 1) + (2%a*c*f*(2*n - 3) - b™2xfx(n - 3))*x"2 - (b*cx*
fx(n - 3)*x"2 + bxckxe*x(n - 2)*x + bxckd*(n - 1))*x"n + (4*akxcxex(n - 1) -
b~ 2%ex(n - 2))*x)/(a”2%b"2*%n - 4%a~3*cxn + (a*b~2kckxn — 4*a~2%c”2%n)*x” (2%
n) + (axb~3*%n — 4*a~2xb*c*n)*x"n), x)

3.8. f ﬁ% d.’L'
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3.8.8 Giac [F]

2 2
/(d—i—ex—i—fx dac:/(fx +ex+d2dx

a + bz + cx?n)? cx?™ + bz™ + a)

input Lintegrate ((£xx~2+e*x+d) / (a+b*x"n+c*x~ (2*n)) ~2,x, algorithm="giac")

output Lintegrate((f*x? + exx + d)/(c*x”(2*%n) + b*x™n + a)~2, x)

3.8.9 Mupad [F(-1)]
Timed out.

dz

/ d+ex+ fr? dz—/ fz?+ex+d
(a + bz + cx?n)? (a+bz" + cx?n)?

inputtint((d + exx + f*x72)/(a + bkx"n + c*x~(2%n))"2,x)

outputtint((d + exx + f*x72)/(a + b*x™n + c*x~(2%n))"2, x)

3.8. f ﬁ% d.’L'
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3.9 f d+ex+ fz2+gx3 dr
(a+bz"+cz?") 2

39.1 Optimalresult . .. ... ... .. ... ... 821
3.9.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... .. ... ... ]3
3.9.3 Rubi [A] (verified) . . . . . . ... ’3
394 Maple [F] . . . . .. 36l
3.9.5 Fricas [F] . . . . . . . 36
3.9.6 Sympy [F(-1)] . . . .« o 36
3.9.7 Maxima [F] . . . . . . 87
3.9.8 Giac [F] . . . . . 87
3.99 Mupad [F(-1)] . . . . oo 87

3.9.1 Optimal result

Integrand size = 32, antiderivative size = 1654

d ? +g2°
/ ter+fe+92° oo large to display

(a 4 bz + cxn)?

d*x* (b~2-2%a*c+bxc*x™n) /a/ (-4*a*c+b~2) /n/ (a+b*x " n+cxx™ (2*n) ) +e*xx~ 2% (b~ 2-2%
axc+b*c*x"n)/a/(-4*a*xc+b~2) /n/ (a+b*x "n+cxx~ (2*n) ) +f*x"3* (b~ 2-2*a*c+bxc*x™n
)/a/(-4*xa*c+b~2) /n/(atb*x"n+cxx™ (2*n) ) +g*xx~4* (b~2-2*a*c+b*c*x"n) /a/ (-4*ax*c
+b~2) /n/ (a+b*x"n+c*x”~ (2+#n) ) -2*%bxc~2*e* (2-n) *x~ (2+n) *hypergeom([1, (2+n)/n]
, [2+2/n] ,-2*c*x"n/ (b-(-4*a*c+b~2) ~(1/2)))/a/ (-4*a*c+b~2)~(3/2) /n/ (2+n) / (b-
(=4*xaxc+b™2) " (1/2) ) -2xb*c~2*f* (3-n) *x~ (3+n) *hypergeom([1, (3+n)/n], [2+3/n]
,—2%c*x"n/ (b-(-4*a*xc+b~2)~(1/2)))/a/(-4*a*xc+b~2) ~(3/2) /n/ (3+n) / (b- (-4*a*xc+
b~2)~(1/2))-2*b*c~2*g* (4-n) *x~ (4+n) *hypergeom([1, (4+n)/n], [2+4/n],-2%c*x"
n/ (b-(-4*a*xc+b~2)~(1/2)))/a/ (-4*a*xc+b~2)~(3/2) /n/ (4+n) / (b- (-4*a*xc+b~2) ~(1/
2) ) +2xbxc~2%e* (2-n) *x~ (2+n) *hypergeom([1, (2+n)/n], [2+2/n],-2*c*x"n/(b+(-4
*axc+b~2) " (1/2))) /a/ (-4*a*xc+b~2) ~(3/2) /n/ (2+n) / (b+(-4*axc+b~2) " (1/2) ) +2*b*
c~2xf*(3-n)*x~ (3+n) *hypergeom([1, (3+n)/nl, [2+3/n],-2*c*x"n/(b+(-4*axc+b~2
)=(1/2)))/a/ (~4*a*xc+b~2) ~(3/2) /n/ (3+n) / (b+(-4*axc+b~2) ~(1/2) ) +2*b*xc~2xg* (4
-n) *x~ (4+n) *hypergeom([1, (4+n)/n], [2+4/n],-2*c*x"n/ (b+(-4*a*xc+b~2)~(1/2))
)/a/ (—4*axc+b~2)~(3/2) /n/ (4+n) / (b+(-4*a*c+b~2) ~(1/2) ) —c*e* (4*xaxc*(1-n)-b~2
*(2-n) ) *x~2*hypergeom([1, 2/n], [(2+n)/n],-2*c*x"n/(b-(-4*a*c+b~2)~(1/2)))/
a/ (-4*a*xc+b~2) /n/(b~2-4*a*xc-b* (-4*a*xc+b~2) ~(1/2))-2/3*cxf* (2*%a*xc*(3-2*n)-b
~2%(3-n))*x~3*hypergeom([1, 3/n], [(3+n)/n],-2*c*x"n/(b-(-4*a*xc+b~2)~(1/2))
)/a/ (—4*a*xc+b~2) /n/ (b~2-4xa*c-b* (-4*a*c+b~2) ~(1/2))-1/2*c*xg* (4*axc*(2-n)-b
~2%(4-n))*x~4*hypergeom([1, 4/n], [(4+n)/n],-2*c*x"n/(b-(-4*axc+b~2)~(1/...

d+ea:+fx2+gm3
3.9. f (a-l—ba:"+cx2")2 d.’L‘
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3.9.2 Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 8737 vs. 2(1654) = 3308.

Time = 6.73 (sec) , antiderivative size = 8737, normalized size of antiderivative = 5.28

d+ex+ fz? + gx°
(a 4 bz + cx?n)?

dx = Result too large to show

input‘ Integrate[(d + e*x + f*x~2 + gxx~3)/(a + b*x™n + c*x~(2%n))~2,x] ‘

output‘Result too large to show ‘

3.9.3 Rubi [A] (verified)

Time = 2.60 (sec) , antiderivative size = 1654, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 460 Ryles used

integrand size
= {2328, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/d+ex+fa:2+ga:3
(a + bz + ca?n)?

l 9328

d ex fa? gxz>
n 2n2+ n 2n2+ n 2n2+ n 2n)2 dx
(@ + bz" + cxz?")”  (a+bz™ + cx®)”  (a+bz™ +cz®)”  (a+ bz™ + cx?")
| 2009

d+ea:+fx2+gm3
3.9. f (a+bx"+cx2")2 d.’L‘
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2bc?e(2 — n) Hypergeometric2F1 (1, o2 2(14 1), - - h) n+2
a (b2 — 4ac)®/? (b — Vb2 — 4ac> n(n + 2)
2bc%e(2 — n) Hypergeometric2F1 (1, ”T“, 2(1+ %) , _b-i-jﬁ) i
a (b2 — dac)®/? (b + Vb2 — 4ac) n(n +2)

2bc? (3 — n) Hypergeometric2F1 <1, ”TJ“Q’, 2+ %, —

+

2cx n+3
b—v/b2—4ac

a (b2 — 4ac)®/? (b - \/m> n(n+3)

2bc? f(3 — n) Hypergeometric2F1 ( , ":3, 2 + b-i-jﬁ) x

a (b2 — 4ac)®/? (b + M) n(n + 3)

_|_

n+3

2bc?g(4 — n) Hypergeometric2F1 (1, ot 2(1+ 2), _b—jﬁ) nt+d
+
a (b2 — 4ac)®/? (b — Vb2 — 4ac) n(n + 4)
2bc%g(4 — n) Hypergeometric2F1 (1, ”T""l, 2(1+ %) , b+\%§m> n+4

a (b2 — dac)®/? (b + M) n(n + 4)

cg(4ac(2 — n) — b*(4 — n)) Hypergeometric2F1 (1, 4 ntd —b_j%) zt

2a (b — 4ac) (b2 —Vb% — 4dach — 4ac) n

cg(4ac(2 — n) — b%(4 — n)) Hypergeometric2F1 (1, i, "TH, b+j§§m) 4

2a (b? — 4ac) <b2 + Vb% — 4ach — 4ac) n
g(bcx” + b — 2ac) z*
a (b? — 4ac) n (bz™ + cz?" + a)

— n)) Hypergeometric2F1 ( , 3, nt3 b_j%) z3

b2 — 4ac) (b2 —vb? —4ach — 4ac) n

2cf (2ac(3 2n) — b?(3 — )) Hypergeometric2F1 ( - "T"'?’, b+j§;”—m> 3

(
3a (b? — 4ac) <b2 + V6% — 4ach — 4ac) n

+

2cf (2ac(3 — 2n) — b%(3

(3
3a (

+
f(bca:n +b%— 2ac) x3
a(b? — dac)n (ba™ + ca® +a)
ce(4ac(1 — n) — b*(2 — n)) Hypergeometric2F1 (1 2 nt2 —b_j%) z?
a (b? — 4ac) (b2 —vb?% — 4ach — 4ac> n
ce (4ac(1 —n)— b2(2 — n)) Hypergeometric2F1 (1, Z, T’ b_H;ng) 2
+
a (b2 — 4ac) <b2 + v/b? — 4ach — 4ac) n
e(bez™ + b? — 2ac) z?
a (b2 — 4ac) n (bz™ + cx?™ + a)
cd(—((l . n)b2) — VB2 = 4ac(1 — n)b + 4ac(l — 2n)) Hypergeometric2F1 ( | —|— bj%) T
a (b2 — 4ac) (b2 —v/b?% — dach — 4ac) n
o —((t=m)P?) 4] J; — = "o n —m) x+

J (a+bantca?n)? a (b2 — 4ac) (52 + /b2 — 4dachb — 4ac> n

A(hrr™ 1L H2 _ 9q0p) 4



CHAPTER 3. LISTING OF INTEGRALS

85

input‘Int[(d + e*xx + £xx72 + gxx~3)/(a + b*x"n + c*x”(2%n))"2,x]

output

rule 2009

rule 2328

(d*x*(b~2 - 2%axc + b*c*x"n))/(ax(b~2 - 4*axc)*n*(a + b*x™n + c*x~(2*n)))
+ (e*x”2%(b"2 - 2*xa*c + bxc*x"n))/(ax(b”2 - 4*axc)*n*(a + b*x"n + c*x”(2*n
))) + (£xx73*%(b"2 - 2%a*c + b*c*x"n))/(ax(b”2 - 4*a*c)*n*(a + b*x™n + c*x”
(2%n))) + (g*x~4x(b"2 - 2%a*c + b*c*x"n))/(ax(b”2 - 4*axc)*nx(a + b*x"™n +
cxx~(2%n))) - (ckd*(4*a*xc*(1 - 2#n) - b™2*x(1 - n) - b*Sqrt[b~2 - 4xa*xc]l*(1
- n))*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b - Sqrt[b~2
- 4xa*xc])])/(a*x(b~2 - 4xa*xc)*(b"2 - 4xaxc - b*Sqrt[b~2 - 4*axc])*n) - (cx*
d*(4*axcx(1 - 2*n) - b™2*%(1 - n) + b*Sqrt[b~2 - 4xa*c]*(1 - n))*x*Hypergeo
metric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b + Sqrt[b~2 - 4xaxc])])/(a*(
b~2 - 4xaxc)*(b"2 - 4xaxc + b*Sqrt[b~2 - 4*axc])*n) - (cxex(4xaxcx(1 - n)
- b~2%(2 - n))*x"2+Hypergeometric2F1[1, 2/n, (2 + n)/n, (-2*c*x"n)/(b - Sq
rt[b”™2 - 4xaxc])])/(ax(b~2 - 4*axc)*(b~2 - 4*axc - b*Sqrt[b~2 - 4*a*c])*n)
- (c*kex(4*xaxc*x(1 - n) - b"2*(2 - n))*x"2*xHypergeometric2F1[1, 2/n, (2 + n
)/n, (-2%c*x"n)/(b + Sqrt[b~2 - 4xa*c])])/(ax(b"2 - 4*a*xc)*(b"2 - 4*xaxc +
b*Sqrt [b"2 - 4*a*xc])*n) - (2xc*xf*(2%a*c*x(3 - 2xn) - b"2*%(3 - n))*x"3*Hyper
geometric2F1[1, 3/n, (3 + n)/n, (-2*c*x"n)/(b - Sqrt[b~2 - 4*axc])])/(3*a*
(072 - 4%axc)*(b~2 - 4*axc - bxSqrt[b~2 - 4xa*xc])*n) - (2%cxf*(2*axc*(3 -
2*%n) - b”2x(3 - n))*x"3*Hypergeometric2F1[1, 3/n, (3 + n)/n, (-2*c*x"n)/(b
+ Sqrt[b~2 - 4xaxc])])/(3xax(b~2 - 4*axc)*(b"2 - 4*a*c + b*Sqrt[b~2 - 4xa
xc])*n) - (cxgx(4*a*xc*(2 - n) - b"2%(4 - n))*x"4*Hypergeometric2F1[1, 4...

3.9.3.1 Defintions of rubi rules used

-

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

-/

e

Int[(Pq_ )*((a_) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(@m2_.))"(p_), x_Symbol] :>
‘Int[ExpandIntegrand[Pq*(a + b*x™n + c*xx~(2*n))"p, x], x] /; FreeQ[{a, b, c,
n}, x] && EqQ[n2, 2*n] && PolyQ[Pq, x] && ILtQ[p, -1]

N

d+ea:+fx2+gm3
3.9. f (a+bx"+cx2")2 d.’L‘
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3.9.4 Maple [F]

/gz3+fm2—|—eac+ddx
(a+bz" + cx?n)?

inputLint((g*x‘3+f*x‘2+e*x+d)/(a+b*x‘n+c*x‘(2*n))‘2,x)

output Lint ((gxx~3+f*x"2+exx+d) / (a+tb*x"n+c*x~(2*n) ) ~2,x)

3.9.5 Fricas [F]

/d+ex+f:v2+gm3 _/gm3+fx2—|—ex+d
(a + bz~ 4 czn)? (cx?n + bz™ + a)®

inputtintegrate((g*x‘3+f*x‘2+e*x+d)/(a+b*x‘n+c*x‘(2*n))‘2,x, algorithm="fricas")

output‘integral((g*x‘B + f£*x72 + e*xx + d)/(c™2*%x"(4%n) + b"2*x"(2#n) + 2%axb*x"n
‘+ a~2 + 2%(b*cxx™n + a*xc)*x~(2*n)), x)

3.9.6 Sympy [F(-1)]

Timed out.

d 2 3
/ tert o+ g.723 dz = Timed out
(a + bz™ + cz?")

input Lintegrate ((gxxx*3+fxx*kx2+e*x+d) / (a+bkxx*kn+cxx** (2%n) ) ¥*2,x)

output ‘ Timed out

d+ex+ fx2+gm3
3.9. f (a+bx"+cx2")2 d.’L‘
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3.9.7 Maxima [F]

/d+ex+fx2+gm3 _/gw3+fz2+ex+d
(a 4 bz + cx?n)? (cx?n + bz™ + a)’

inputLintegrate((g*x‘3+f*x‘2+e*x+d)/(a+b*x‘n+c*x‘(2*n))‘2,x, algorithm="maxima") J

output | ((b~2%g - 2%a*xc*g)*x~4 + (b™2*f - 2*a*xc*f)*x"3 + (b"2%e - 2*ka*xc*ke)*x"2 + (
b*ckg*x~4 + bkcxf*x"3 + bxcke*x"2 + b¥ckd*x)*x"n + (b"2*%d - 2xa*c*d)*x)/(a
"2%b~2*n - 4%a"3*c*n + (a*b"2*c*n - 4*a~2%c”2*n)*x”(2*n) + (a*b~3*n - 4*a”
2*b*c*n)*x"n) - integrate((2*axcxd*(2*n - 1) - b"2*dx(n - 1) + (4*axcxgx(n

- 2) - b™2xgx(n - 4))*x"3 + (2xaxcxfx(2*n - 3) - b 2xf*x(n - 3))*x"2 - (bx*
cxgx(n - 4)*x"3 + bkckfx(n - 3)*x72 + bkckex(n - 2)*x + bkckd*(n - 1))*x"n
+ (4xaxc¥ex(n - 1) - b™2xe*x(n - 2))*x)/(a"2*b"2*n - 4*a~3*c*n + (axb~2*cx
n - 4*%a”~2xc”2#n)*x”~(2*n) + (a*b~3*n - 4*a”~2xb*c*n)*x"n), x)

3.9.8 Giac [F]

/d+ex—|—fx2+gm3 _/g$3—|—fz2—|—em+d
(a 4 bz + cx?n)? (cx?m + bz™ + a)

.
inputLintegrate((g*x‘3+f*x‘2+e*x+d)/(a+b*x‘n+c*x‘(2*n))‘2,x, algorithm="giac")

-/

outputtintegrate((g*x‘s + £xx72 + exx + d)/(c*x”(2*%n) + b*x"n + a)~2, x)

-/

3.9.9 Mupad [F(-1)]

Timed out.
d+m+fﬁ+gﬁ¢r_ gﬁ+fﬁ+ex+dm
(a + bz™ + ca?r)? (a+bz" + cx?n)?
input  int((d + e*x + f*x"2 + g*x~3)/(a + b*x"n + c*x~(2*%n))"2,x)

outputtint((d + exx + fxx72 + g*x~3)/(a + bxx™n + c*x~(2*n))"2, x) J

d+ea:+f:c2+gm3
3.9. f (a+bx"+cx2")2 d.’L‘
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3.10 f —ahx 1+7+cfx_1+n+ch_1+2”—|—chx +5 dx
(a+bxn+cx2")3/ 2

3.10.1 Optimal result . . . . . . . . . ... . 8]
3.10.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 88
3.10.3 Rubi [A] (verified) . . . . . . ... .. ]9
3.104 Maple [F] . . . . . . 90
3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 90
3.10.6 Sympy [F(-1)] . . . . o 9Tl
3.10.7 Maxima [F] . . . . . . . . OT]
3.10.8 Giac [F] . . . . o o OT]
3109 Mupad [F(-1)] .« v v v e oo 9

3.10.1 Optimal result

Integrand size = 63, antiderivative size = 75

n 5n
/ —ahz 2 + cfx™ " gz 4 cha T2
xTr =

(a + bz + cz27)’/?
2(c(bf — 2ag) + (b* — 4ac) ha™? + c(2cf — bg)z™)
(b% — 4ac) nva + bz + cx®®

—2x (c* (-2*%axg+b*f) +(—4*a*xc+b™2) xh*x~ (1/2*n) +cx (~bxg+2xcxf) *x"n) / (-4*a*xc+b™
2) /n/ (a+b*x~n+c*x~ (2*n) )~ (1/2)

3.10.2 Mathematica [A] (verified)

Time = 2.15 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.12

n 5n
/ —ahz 2 4+ cfx 4" + cgxTIF 4 chxTit
xTr =

(a + bz™ + cxzn)?’/2
2(bef — 2acg + b?ha™? — dachz™? + 2¢% fz" — begz™)
(b2 — dac) nva + bz™ + cx?"

Integrate[(-(axh*x~ (-1 + n/2)) + cxf*x~(-1 + n) + c*gxx~ (-1 + 2*n) + cxh*x
~(-1 + (5*%n)/2))/(a + b*x™n + c*x~(2*n))"~(3/2),x]

3.10 f _ahw_1+%+cf$7l+"+cgw*1+2"+chx_l+57” d
.10. .
(a+bz"+cz2n)3/2
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output‘ (-2x (bkcxf - 2*kaxcxg + b~2xh*x~(n/2) - 4*axcxh*x™(n/2) + 2kc™2*f*x"n - b*c
L*g*x"n))/((b"Q - 4xaxc)*n*Sqrt[a + b*x™n + c*x~(2*n)]) J

3.10.3 Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 439 Ryjes used = {2029,
integrand size
2289}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ —ahz5 !+ cfz™ ! + cgz? L 4 chaz L
(a+ bz™ + cm2")3/ 2

l 2029

/ 227 (—ah + cfa™? + cgz®™/? + cha®™) p
T

(a+bz™ + szn)3/2
l 9289

2(hz™? (b2 — dac) + c(bf — 2ag) + cz™(2¢f — bg))
n (b2 — 4ac) Va + bz™ + cx?n

input Int[(-(a*h*x~ (-1 + n/2)) + c*f*x"(-1 + n) + cxgxx~ (-1 + 2*n) + cxh*x~(-1 +
(6%n)/2))/(a + bxx"n + c*xx~(2*n))~(3/2),x]

output (-2*(cx(b*f - 2*%axg) + (b~2 - 4xaxc)*h*x~(n/2) + cx(2*%cxf - bxg)*x"n))/((b
~2 - 4xaxc)*n*Sqrtl[a + b*x"n + c*x~(2*n)])

3.10.3.1 Defintions of rubi rules used

rule 2029 Int[(Fx_.)*((d_.)*(x_)"(q_.) + (a_.)*(x_)"(zx_.) + (b_.)*(x_)"(s_.) + (c_.)*
(x_)~(t_.))"(p_.), x_Symbol] :> Int[x"(p*r)*(a + b*x~(s - r) + c*x~(t - r)
+ d*x~(q - r))"p*Fx, x] /; FreeQ[{a, b, ¢, d, r, s, t, q}, x] & IntegerQlp
1 &% PosQ[s - r] && PosQ[t - r] && PosQlq - r] && !'(EqQ[p, 1] && EqQ[u, 1]
)

N J

—ah:z:_1+%+cfx*1+"+cgw*1+2"+chx_1+ 5
310. [ L dz
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rule 2289 Int [((x_)~(m_.)*((e_) + (£_)*(x_)"(q_.) + (g_)*(x_)"(r_.) + (_.)*(x_)"(s
_ON/al) + (b_dx(x )" (m_.) + (c_)*(x_)"(n2_.))"(3/2), x_Symbol] :> Sim
pl-(2xcx (bxf - 2*axg) + 2xh*(b~2 - 4xaxc)*x~(n/2) + 2%c*(2*c*f - b*g)*x"n)/
(cxnx (b2 - 4*a*xc)*Sqrt[a + b*x™n + c*x~(2*n)]), x] /; FreeQl[{a, b, c, e, f
, 8§ h, m, n}, x] & EqQ[n2, 2*n] && EqQ[q, n/2] && EqQ[r, 3*(n/2)] && EqQ[
s, 2xn] && NeQ[b~2 - 4xa*c, 0] && EqQ[2*m - n + 2, 0] && EqQ[c*e + a*h, 0]

3.10.4 Maple [F]

/ —ahz % +cf x4 ez 4 ch 1

3 dx
(a +bx" + cx?r)2

input | int ((-axh*x~(-1+1/2*n)+c*f*x~ (~1+n) +c*grx~ (—1+2*n) +cxh*x™~ (-1+5/2%n) ) / (a+b*
x"n+c*x”(2%n)) ~(3/2) ,x)

N\

output | int ((-axh*x~(-1+1/2*n) +c*f*x~ (-1+n) +cxgkx™ (-1+2*n) +cxh*x~ (-1+5/2*n) ) / (a+b*
x"n+c*x”(2%n)) ~(3/2) ,x)

3.10.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.83

€Tr =

/ —ahz*3F + cfa " + cgr 2 4 cha T
(a+ bz + cx2n)3/ 2
2Vestain 8 + boan a<(2 f — beg)z®z" 2 + (b* — 4aC)hxx% =l 4 bef —2 acg)

(%c — 4ac®)nztz?n + (b3 — 4 abc)nx?z™2 + (ab? — 4ac)n

input | integrate ((—axh*x™ (-1+1/2%n) +cxf*x~ (-1+n)+cxgxx™ (-1+2*n) +cxh*x~ (-1+5/2*n))
/ (a+b*x"n+c*x~(2*n) )~ (3/2) ,x, algorithm="fricas")

output | -2xsqrt (c*xx"4*x~ (2%n - 4) + b*x"2*x"(n - 2) + a)*((2*c™2%f - bkcxg)*x"2%x”
(n - 2) + (b72 - 4xa*c)*h*x*x~(1/2%n - 1) + bkcxf - 2*axc*g)/((b"2xc - 4#*a
*C"2) *n*x"4*x~(2*n - 4) + (b~3 - 4xaxb*c)*n*x"2*x"(n - 2) + (axb”2 - 4x%a"2

*c)*n)

—ah:z:_“'%+cfx*1+”+cgw*1+2"+chx_1+ 5
310. [ L dz
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3.10.6 Sympy [F(-1)]

Timed out.

5n

/ —ahz™1*3 + cfr 71 + cgrT I 4 cha T

373 dz = Timed out
(a + bx™ + cz?")

input \ integrate ((—axh*x** (-1+1/2%n)+c*f*x** (-1+n) +ckgkxi* (-1+2*n) +cxh*x** (-1+5/2

‘ *1n)) / (a+bxx*kn+ckxs* (2%n) ) **(3/2) ,x)

output LTimed out

input

output

input

output

3.10.7 Maxima [F]

/ —ahz 5 4 cfz N 4 cgrm 20 4 chg TS p / chza™ ! + cgz™ + cfz" 1 — ahzznl

(a + bz" + cz2)’/? (cx?™ + bx™ + a)%

integrate ((-axh*x~ (-1+1/2*n)+cxf*x~ (-1+n) +c*g*x~ (-1+2*n) +c*xh*x~ (-1+5/2*n))
/ (a+b*x"n+cxx~(2*n) )~ (3/2) ,x, algorithm="maxima"

integrate((cxh*x~(5/2%n - 1) + c*g*x~(2*%n - 1) + c*f*x"(n - 1) - axh*x~(1/
2%n - 1))/(c*x~(2*n) + b*x"n + a)~(3/2), x)

3.10.8 Giac [F]

/ —ahz M5 + cfz 1 4 gz 4 cha 1Y p / chzs ™! + cgz®™ ! + cfz™ ! — ahga ™ p

3/2

(a + bz™ + cx?") (cx®™ + bz™ + a)

Nl

integrate ((-axh*x~ (-1+1/2*n)+cxf*x~ (-1+n) +c*g*x~ (-1+2%n) +c*xh*x~ (-1+5/2%n))
/ (a+b*x"n+c*x~ (2*n)) ~(3/2) ,x, algorithm="giac")

integrate((c*h*x~(5/2*n - 1) + c*gxx~(2*%n - 1) + cxf*x~(n - 1) - axh*x"(1/
2%n - 1))/(c*x~(2*n) + b*x"n + a)~(3/2), x)

—ahx_1+%+cfx’1+"+ch’1+2"+chx_l+ 5
310. [ L dz

dx

i
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3.10.9 Mupad [F(-1)]

Timed out.

/ —ahz 5 4 cfz N 4 cgrm 20 4 chg TS / cgz®™ 1 —ahzi l+cha s L+cfam! i

(a + bz" + cz?)*/” (a+ban 4 ca?n)®?

input | int ((ckg*xx~(2*n - 1) - a*xh*x~(n/2 - 1) + cxh*x~((6%n)/2 - 1) + c*xf*xx"(n -
1))/(a + b*x™n + c*x~(2*n))~(3/2),x)

output | int ((c*g*x~(2*n - 1) - a*h*x"(n/2 - 1) + cxh*x~((5*n)/2 - 1) + cxf*x"(n -
1))/(a + b*x™n + c*x~(2*n))~(3/2), x)

—ahx_1+%+cfx’1+"+ch’1+2"+chx_l+ 5
310. [ L dz
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3.11 [ (a+bz" + cx®)’ (a+ b(1 + n + np)x"™ + c(1 + 2n(

3.11.1 Optimalresult . . . . . . .. . ... 93]
3.11.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 93
3.11.3 Rubi [A] (verified) . . . . . . .. .. 94
3.11.4 Maple [A] (verified) . . . . .. . . ... 94
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 95
3.11.6 Sympy [B] (verification not implemented) . . .. .. ... ... ... ... .. 95i
3.11.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 96!
3.11.8 Giac [B] (verification not implemented) . . . ... . ... ... ....... 96
3.11.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 96

3.11.1 Optimal result

Integrand size = 45, antiderivative size = 20

/ (a+ba" +ca™)” (atb(1+n+np)s” +c(1+2n(1+p))a™) dr = z(a+ba" +ca™) "™

output Lx* (at+b*x"n+c*xx~(2%n)) ~(p+1) J

3.11.2 Mathematica [A] (verified)

Time = 0.58 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

/ (a+bz" +cx®™)? (a+b(1l+n+np)z” +c(1+2n(1+p))z*") dz = z(a+2"(b+ cz™)) P

input‘ Integrate[(a + b*x"n + c*x~(2*n)) px(a + b*x(1 + n + n*p)*x~n + c*(1 + 2*n* ‘
(1 + p))*x~(2*n)),x]

N\ J

output xx(a + x"n*(b + c*x™n))~(1 + p)

311.  [(a+bz"+ cz®)’ (a+b(l +n+np)z" + (1 + 2n(1 + p))z*") dz
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3.11.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 499 Ryjeg used = {2309}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+bz" +cz®™)? (a +b(np + n + 1)z + c(2n(p + 1) + 1)z°") dz
| 2309

a:(a + bz™ + cavzn)m_1

p
inpUt‘Int[(a + b*x"n + c*x”(2#n)) px(a + b*(1 + n + nxp)*x”n + c*x(1 + 2*n*(1 + p

p)*x*(z*n» ,x]

~

-

output

x*(a + b*x™n + cxx~(2*n))~(1 + p)

N

J

3.11.3.1 Defintions of rubi rules used

rule 2309‘Int[((a_) + (b_)*x(x_)"(n_.) + (c_)*(x_)"(m2_.))"(p_.)*((a_) + (e_.)*x(x_)"
‘(n_.) + (£_)*(x_)"(m2_.)), x_Symbol] :> Simp[d*x*((a + b*x"n + c*x~(2*n))"~
‘(p + 1)/a), x] /; FreeQ[{a, b, c, d, e, £, n, p}, x] & EqQ[n2, 2*n] && EqQ
([a*e - bxd*(n*(p + 1) + 1), 0] & EqQla*f - cxd*(2#n*(p + 1) + 1), 0]

3.11.4 Maple [A] (verified)

Time = 5.16 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.65

method result gize
risch z(a+ bz + cx?) (a + bz" + cz®)F 33
parallelrisch | 22" (a+ba"tea™) betoatn (“+b:n+c w2’ ta(atbamteat) ac | o

input‘int((a+b*x‘n+c*x‘(2*n))‘p*(a+b*(n*p+n+1)*x“n+c*(1+2*n*(1+p))*x”(2*n)),x,me
‘thod=_RETURNVERBOSE)

311.  [(a+bz"+ cz®)’ (a+b(l +n+np)z" + (1 + 2n(1 + p))z*") dz
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output ‘ x* (atb*x"n+c*x (x"n) ~2) * (a+b*x"n+c* (x"n) ~2) “p

3.11.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.75

/ (a+bz™ + cz®)? (a + b(1 + n + np)z”™ + c(1 + 2n(1 + p))z*") dz

= (ca:x2" + bxx™ + aa:) (ch" + bx" + a)p

input‘integrate((a+b*x“n+c*x“(2*n))“p*(a+b*(n*p+n+1)*x*n+c*(1+2*n*(1+p))*X“(2*n)
‘),x, algorithm="fricas")

outputt(c*x*x“(2*n) + b*x*x"n + a*x)*(c*x~(2*n) + b*x"n + a)7p

3.11.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(17) = 34.

Time = 29.90 (sec) , antiderivative size = 63, normalized size of antiderivative = 3.15

/ (a+bz"™ + cz®)? (a + b(1 + n + np)z™ + c(1 + 2n(1 + p))2z*") dz
=azr (a +bz™ + cx2”)p + bzx™ (a +bz"™ + cx2")p + cxz®™ (a +bz"™ + cx2")p

input  integrate ((a+b*x**n+cxx** (2xn)) *x*p* (a+b* (n*p+n+1) *x**kn+c* (1+2+n* (1+p) ) kx*k*
(2*n)) ,x)

output | axx*(a + bkx**n + c*xk*(2*n))**p + bkxxx*k*nk(a + bxx*xn + ckxx*(2kn))**p +
cxx*xxkk (2%n) * (a + bxx*xn + ckxx*k(2%n))**p

311.  [(a+bz"+ cz®)’ (a+b(l +n+np)z" + (1 + 2n(1 + p))z*") dz
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3.11.7 Maxima [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.75

/ (a+bz™ + cz®)? (a + b(1 + n + np)z™ + c(1 + 2n(1 + p))z*") dz

= (c:cw2” + bxz" + aa:) (cm2" + bx™ + a)p

input‘integrate((a+b*x“n+c*x“(2*n))“p*(a+b*(n*p+n+1)*x“n+c*(1+2*n*(1+p))*x*(2*n)

‘),x, algorithm="maxima")

outputt(c*x*x‘(2*n) + bxx*x™n + a*x)*(c*x~(2%n) + b*x"n + a)”p

3.11.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(20) = 40.

Time = 0.37 (sec) , antiderivative size = 66, normalized size of antiderivative = 3.30

/ (a+bz™ + cz®™)® (a + b(1 + n + np)z™ + c(1 + 2n(1 + p))z*") dz
= (ch” + bz™ + a)pcxm2” + (ch” + bz + a)pbmx” + (ch” + bz"™ + a)paz

p

input | integrate ((a+b*x"n+c*x” (2*n) ) “p* (a+b* (n*p+n+1) *x"n+c* (1+2*n* (1+p) ) #x~ (2*n)

),x, algorithm="giac")

output | (cxx~(2*n) + b*x™n + a) pxc*x*x~(2*n) + (c*x~(2*%n) + b*x"n + a) “p*b*x*x"n

+ (c*x7(2*n) + b*x"n + a) praxx

3.11.9 Mupad [B] (verification not implemented)

Time = 8.88 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.75

/ (a+bz" +cz®™)” (a+b(1 +n+ np)z” + c(1 + 2n(1 + p))z*") dz

= (a+bz" +cz®™)" (az +bzz" + cxz®™)

311.  [(a+bz"+ cz®)’ (a+b(l +n+np)z" + (1 + 2n(1 + p))z*") dz
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input‘int((a + b*x"n + c*x”(2#n)) px(a + b*x"n*(n + nxp + 1) + c*xx~(2*xn)*(2*n*(p
S+ D+ 1),

outputt(a + b*x"n + c*x~(2*n)) “p*(a*x + bxx*x"n + c*x*x”(2%n))

311.  [(a+bz"+ cz®)’ (a+b(l +n+np)z" + (1 + 2n(1 + p))z*") dz
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n
¢ 1t (—ah+c fx"/ 4—|—ch3”/ 4—|—chx”)

312 | de

(a-l—ca:")3/ 2
3.12.1 Optimal result . . . . . . . . . . ...
3.12.2 Mathematica [A] (verified) . . . . . . .. . ...
3.12.3 Rubi [A] (verified) . . . . . ... .. 99
3.124 Maple [F] . . . . . oo 99
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 100!
3.12.6 Sympy [F(-1)] - o v oo oo 00
3.12.7 Maxima [F] . . . . . . 100!
3.12.8 Giac [A] (verification not implemented) . . . ... ... ... ... . ... .. 101
3.12.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 101l
3.12.1 Optimal result
Integrand size = 52, antiderivative size = 45
/ 711 (—ah + cfz™* + cgz®/* + cha™) o — _Z(ag + 2ahz™/* — cfz"/?)
(a + czn)*? any/a + cz"
output L—2* (axg+2*a*xh*x~ (1/4*n)-c*f*x~(1/2%n))/a/n/(atcxx™n) ~(1/2) J

3.12.2 Mathematica [A] (verified)

Time = 0.71 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00

/ 74 (—ah + cfz™/* + cgz®/* + cha™) p 2cfz™/? — 2a(g + 2hz™/*)
Tr =
(a + czm)®/? any/a + cx™

input ‘(Integrate[(x‘(-l + n/4)*(-(a*h) + cxf*x~(n/4) + cxg*x~((3%n)/4) + c*h*x"n)
/(@ + oxm)”(3/2),5]

~

-

i

output

(2%cxf*x~(n/2) - 2%ax(g + 2xh*x~(n/4)))/(a*n*Sqrtla + c*x"nl)

N\

3.12 f PR (—ah+cfx"/4+cgw3"/4+chx”) dx
e (a+czm)3/?




input

output

rule 2356

input

output
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3.12.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ (, 479 Ryles used = {2356}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 23~ (—ah + cfz™* + cgz®/* + cha™) p
x

(a+ czm)3/?
| 2356
2(ag + 2aha™/* — cf:v"/Q)

any/a + cx™

‘Int[(x‘(—i + n/4)*(-(axh) + cxf*x"(n/4) + cxg*x~((3*n)/4) + c*h*x"n))/(a + \
o m) " (3/2) %] |

-

L(-2*(a*g + 2¥a*xh*x~(n/4) - cxf*x~(n/2)))/(a*n*Sqrt[a + c*x"n])

| —

3.12.3.1 Defintions of rubi rules used

Int[((x_)"(m_.)*((e_ ) + (h_)*(x_)"(n_.) + (£_)*(x_)"(q_.) + (g_.)*x(x_)"(r
_ION/ @) + (c_)*(x )" (n_.))"(3/2), x_Symbol] :> Simp[-(2%a*g + 4*axh*x™
(n/4) - 2*c*f*x~(n/2))/(axcxn*Sqrt[a + c*xx"n]), x] /; FreeQl{a, c, e, f, g,
h, m, n}, x] && EqQlq, n/4] && EqQ[r, 3*(n/4)] && EqQ[4*m - n + 4, 0] && E
qQ[cxe + axh, 0]

3.12.4 Maple [F]

dz

/ z~1ti (—ah +cfzi +cgxt +ch x”)
(a+ cx")%

int (x~(-1+1/4*n) * (—a*h+cxf*x~ (1/4#*n) +c*g*x~ (3/4*n) +cxh*x"n) / (a+c*x"n) " (3/2
) ,X)

int (x~ (-1+1/4%*n) * (~axh+cxf*x~ (1/4%n) +c*g*x~ (3/4*n) +c*h*x"n) / (a+c*x"n) ~(3/2
) ,X)

PR (—ah+cfx"/4+cgw3"/4+chx”) dx

312. [ .
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3.12.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.07

xTr =
(a + czn)®/? acnz™ + a’n

/ 71 (—ah + cfz™/* + cgz®/* + cha™) 2 (Cﬁ”%n —2ahzi™ — ag) vex™ +a
d

input integrate(x~ (-1+1/4*n) * (—axh+c*f*x~ (1/4*n) +cxg*x™ (3/4*n)+c*h*x"n) /(atc*xx™n
)~(3/2),x, algorithm="fricas")

output 2% (c*f*x~(1/2%n) - 2%a*h*x~(1/4*n) - a*xg)*sqrt(c*x™n + a)/(axcxn*x™n + a~2
*n)

3.12.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ 71 (—ah + cfz™/* + cgz®™/* + cha™)
(a+ cac")?’/2

p
input‘integrate(x**(—1+1/4*n)*(-a*h+c*f*x**(1/4*n)+c*g*x**(3/4*n)+c*h*x**n)/(a+c
‘*x**n)**(3/2),x)

output LTimed out J

3.12.7 Maxima [F]

dz

/ r-1+% (—ah + cfz™/* + cgz®/t + chx") (ch%” + cfa:%" + chz™ — ah)xin_l
dx=/

(a + czn)*’? (cz™ + a)g

input  integrate(x~(-1+1/4*n)*(-a*h+c*f*x~ (1/4*n)+c*g*x~ (3/4*n)+c*h*x"n)/(a+c*x™n
)~ (3/2) ,x, algorithm="maxima")

output  integrate((cxg*x~(3/4*n) + cxf*x~(1/4%n) + c*h*x™n - a*h)*x~(1/4*n - 1)/(c
*x™n + a)~(3/2), x)

PR (—ah+cfx"/4+cg$3"/4+chx”) dx

312. [ .
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3.12.8 Giac [A] (verification not implemented)

Time = 5.16 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.87

™

1
cf(z)4 _ n _
/ 711 (—ah + cfz™/* + cgz®™/* + cha™) p 2 (( a 2 h) (") g)
xTr =
(a + czn)®? Vex™ +an

input‘integrate(x“(-1+1/4*n)*(-a*h+c*f*x“(1/4*n)+c*g*x“(3/4*n)+c*h*x“n)/(a+C*X”n
‘)‘(3/2),x, algorithm="giac")

outputt2*((c*f*(x‘n)‘(1/4)/a - 2xh)*(x"n)~(1/4) - g)/(sqrt(c*x™n + a)*n)

3.12.9 Mupad [B] (verification not implemented)

Time = 9.08 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.87

/x‘“z (—ah + cfz™* + cgz®/* + cha™) p 2(ag—cfz™?+2ahz"*)
r=—
(a+ czn)®/? an+a+ca”

input‘ int((x"(n/4 - 1)*(c*h*x"n - a*h + cxf*x~(n/4) + c*xg*x~((3*n)/4)))/(a + c*x
“n)"(3/2),%)

outputt—(2*(a*g - cxf*x~(n/2) + 2*axh*x~(n/4)))/(a*n*(a + c*x"n)~(1/2))

3.12 f PR (—ah+cfx"/4+cg$3"/4+chx”) dx
e (a+czm)3/?




CHAPTER 3. LISTING OF INTEGRALS 102

(d:z:)_H% (—ah+c fz 4 cga®n/ 4—|—chx”>
dx

313 [

(a-l—ca:")3/ 2
3.13.1 Optimalresult . . .. .. ... .. .. ... . 102
3.13.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo 102
3.13.3 Rubi [A] (verified) . . . . . ... .. 103
3.13.4 Maple [F] . . . . . . 104
3.13.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 104
3.13.6 Sympy [C] (verification not implemented) . . ... ... ... ... ..... 105
3.13.7 Maxima [F] . . . . . . .. 1051
3.13.8 Giac [F] . . . . o
3.13.9 Mupad [F(-1)] . . . . o

3.13.1 Optimal result

Integrand size = 54, antiderivative size = 65

/ (dz)~'*% (—ah + cfz™* + cgz®/* + cha™) do—
(a + czn)®/?
22174 (dz) i+ (ag + 2aha™* — cfa"/?)
a an+/a + cx™

output \ -2*x~(1-1/4%n) * (d*x) ~ (-1+1/4%n) * (a*g+2*axh*x~ (1/4*n) -c*f*x~(1/2*n) ) /a/n/ (a
+cxx™n) "~ (1/2)

3.13.2 Mathematica [A] (verified)

Time = 0.67 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.98

€Tr =

/ (dz)~'*% (—ah + cfz™* + cgz®/* + cha™) q 22~ 4(dz)"* (cfz™/? — a(g + 2ha™/*))
(a + czn)*? adny/a + cz™

input | Integrate[((d*x)~(-1 + n/4)*(-(axh) + c*f*x~(n/4) + c*g*x~((3*n)/4) + cxh*
x"n))/(a + c*x"n)~(3/2),x]

output (2% (d*x)~(n/4)*(cxf*x~(n/2) - ax(g + 2*h*x~(n/4))))/(a*d*n*x" (n/4)*Sqrt [a
+ c*x"n])

(dz) —1+% (—ah+cfz"/4+ch3"/4+chx")
313. | e d




input

output

rule 25

rule 2356
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3.13.3 Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 456 Ryles used = {2357,
integrand size
25, 2356}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ (dz)i~t (—ah + cfz™/* + cgz®/* + cha™)
(a+ cac")s/2

l 2357

dx

ot (d0)" | _a"¥ (zofa"/" — cgu™/t = cha" + ah)
(cz™ + a)®/?

l 25

1_%((1 )nT—él / 2T (—cfx"/4 — cgz®™/t — cha™ + ah)
—x x
(cz™ + a)?’/2

l 2356

dz

221~ % (dz)"T" (ag + 2aha™* — cfz™/?)

anv/a + cx™

Int[((d*x) (-1 + n/4)*(-(axh) + c*f*x"(n/4) + cxgxx~((3*n)/4) + cxh*x"n))/
(a + c*x"n)~(3/2),x]

(-2*x~(1 - n/4)*(d*x)~((-4 + n)/4)*(axg + 2¥axh*x~(n/4) - cxf*x~(n/2)))/(a
*n*Sqrt[a + c*x"n])

3.13.3.1 Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((x_)"(m_.)*((e_ ) + (h_)*(x_)"(m_.) + (£_.)*(x_)"(q_.) + (g_)*(x_)"(r
)/ @) + (e_)*(x_)"(n_.))"(3/2), x_Symbol] :> Simp[-(2*axg + 4*axh*x~
(n/4) - 2*c*f*x~(n/2))/(axcxn*Sqrt[a + c*xx"n]), x] /; FreeQl{a, c, e, f, g,
h, m, n}, x] && EqQlq, n/4] && EqQ[r, 3*(n/4)] && EqQ[4*m - n + 4, 0] && E
qQlcxe + axh, 0]

(dz) —1+% (—ah+cfz"/4+ch3"/4+chx")
313. | e d
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rule 2357 Int[(((d_)*(x_))"(m_.)*((e_) + (h_)*(x_)"(n_.) + (£_.)*(x_)"(q_.) + (g_.)*
(x_ )" (x_.)))/((a) + (c_)*(x_)"(n_.))"(3/2), x_Symbol] :> Simpl[(d*x) m/x"m

Int[x"m*((e + £*x~(n/4) + g*x~((3*n)/4) + h*x"n)/(a + c*xx"n)~(3/2)), x],
x] /; FreeQ[{a, c, d, e, £, g, h, m, n}, x] && EqQ[4#m - n + 4, 0] && EqQL
q, n/4] && EqQ[r, 3*(n/4)] && EqQlcxe + a*h, 0]

3.13.4 Maple [F]

(dx)_H% (—ah +cfzi+cgzt +ch x”)
dx

(a+cx")%

input | int ((d*x) ~(-1+1/4%n)* (-a*h+cxf*x~ (1/4%n) +c*g*x~ (3/4*n)+cxh*x"n) / (a+c*x"n)~
(3/2) ,x)

output | int ((d*x) ~(-1+1/4%n)* (~axh+c*f*x~ (1/4*n)+cxg*x~ (3/4*n)+cxh*x"n) /(a+c*x™n) "~
(3/2) ,x)

3.13.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.06

/ (dz)~**% (—ah + cfz™/* + cgz®/* + cha™) p 2 <Cd% nlfzan —2adi"thri" — adi n_19> Vvex™ + o
T

(a + czn)®/? acnz™ + a’n

e N

input | integrate ((d*x)~(-1+1/4*n)* (-axh+c*f*x~ (1/4*n)+c*g*x~ (3/4*n)+cxh*x"n)/(atc
*x"n)~(3/2),x, algorithm="fricas")

output | 2% (c*d~(1/4*n - 1)*f*x~(1/2%n) - 2*axd~(1/4*n - 1)*h*x~(1/4*n) - axd”~(1/4x*
n - 1)*g)*sqrt(c*x"n + a)/(axcxn*x™n + a~2+*n)

(dz) —1+% (—ah+cfz"/4+ch3"/4+chx")
313. | e d
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3.13.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 117.27 (sec) , antiderivative size = 160, normalized size of antiderivative = 2.46

/ (dz)~'*% (—ah + cfz™* + cgz®/* + cha™) p 24/cdi='f 2di—1g
\3/2 L= - -
(a + czn)” any /=41 Vany/1+ 4=
13 5 3]
dihzil (1) . Fy 4’52 cz”e cds lhwsff(g) 2 F1 4;2 crre”
1 n 1
vanT (3) asnl (2)

input | integrate ((d*x)**(-1+1/4%n) * (~axh+cxf*x** (1/4*n) +cxgkx** (3/4*n) +cxh*xx**n) /
(at+c*x**n) **(3/2) ,x)

output | 2*sqrt(c)*d**(n/4 - 1)*f/(a*n*sqrt(a/(c*x**n) + 1)) - 2*xd**x(n/4 - 1)*g/(sq
rt(a)*n*sqrt (1 + c*x**n/a)) - d*x(n/4 - 1)*h*x**(n/4)*gamma(1/4)*hyper((1/
4, 3/2), (5/4,), c*xx**nxexp_polar(I*pi)/a)/(sqrt(a)*n*gamma(5/4)) + cxd**(
n/4 - 1)*hxx**(5*n/4)*gamma(5/4)*hyper ((5/4, 3/2), (9/4,), c*x*x*nkexp_pola
r(Ixpi)/a)/(a**(3/2)*n*xgamma(9/4))

3.13.7 Maxima [F]

M-

/ (dz)~'*% (—ah + cfz™* + cgz®/* + cha™) p / (cgm4 "t cfzim + cha — ah) (dz)*"
xTr =
(a+ czn)®/? (cz™ + a)

Nl

input | integrate ((d*x)~(-1+1/4%n)*(-a*h+c*f*x~(1/4%n)+c*g*x~ (3/4*n)+c*h*x"n)/(atc
*x"n) " (3/2) ,x, algorithm="maxima")

N\

output  integrate((cxg*x~(3/4*n) + c*xf*x~(1/4%n) + c*h*x™n - a*h)*(d*x)~(1/4*n - 1
)/(c*x™n + a)~(3/2), x)

3.13 f(dx 1"'4 ah+cfz"/4+ch3"/4+chx")d
T (aczm)3/?

dz
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3.13.8 Giac [F]

dz

/ (dz)~'*% (—ah + cfz™* + cgz®/* + cha™) p / (ng%n +cfzi™ 4 cha™ — ah) (dz)s™
T =
(a + czn)®/? (cz™ + a)

Nl

input | integrate ((d*x)~(-1+1/4%n)*(~a*h+c*f*x~(1/4%n)+c*g*x~ (3/4*n)+c*h*x"n)/(atc
*x"n) "~ (3/2),x, algorithm="giac")

output | integrate ((cxg*x~(3/4%n) + cxf*x~(1/4%n) + c*h*x"n - axh)*(d*x)~(1/4%n - 1
)/(c*x™n + a)~(3/2), x)

3.13.9 Mupad [F(-1)]

Timed out.

dz

/ (dz)~'*% (—ah + cfz™* + cgz®/* + cha™) p / (dz)5™" (Chxn —ah+cfz™i+ cgm%")

€Tr =
(a + czn)*? (a+ czn)*?

input int (((d*x)~(n/4 - 1)*(cxh*x"n - axh + cxf*x~(n/4) + c*xgxx~((3*n)/4)))/(a +
c*x"n)~(3/2) ,x)

output | int (((d*x)~(n/4 - 1)*(cxh*x"n - axh + cxf*x~(n/4) + c*gxx~((3*n)/4)))/(a +
c*x"n)~(3/2), x)

(dz) —1+% (—ah+cfz"/4+ch3"/4+chx")
313. | e d
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n
o 1+5 (_ah+cfxn/2+ch3n/2_|_Chx2n)

3.14 | - dz
(a-+bz"+cz?")

3.14.1 Optimal result . . . . . . . . . ... 107
3.14.2 Mathematica [A] (verified) . . . . . . . . ... .. L 107
3.14.3 Rubi [A] (verified) . . . . . ... .. 108
3.14.4 Maple [F] . . . . . o o 109
3.14.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 1091
3.14.6 Sympy [F(-1)] « v v v vt 09
3.14.7 Maxima [F] . . . . . . 110
3.14.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 110
3.14.9 Mupad [B] (verification not implemented) . . . . . ... ... ... ... ... 111

3.14.1 Optimal result

Integrand size = 61, antiderivative size = 75

dr =

712 (—ah + cfz™/? + cgz®™/? + cha®™)

/ (@ + bz + cz2r)*/?
2(c(bf — 2ag) + (b* — 4ac) ha™? + c(2cf — bg)z™)

- (b2 — 4ac) nva + bx™ + cx?"

p
output ‘ -2x (c* (-2%a*xg+b*f) +(-4*a*c+b~2) *h*x~ (1/2%n) +c* (~bxg+2*c*f) *x"n) / (-4*a*c+b”
‘ 2) /n/ (a+b*x"n+cxx” (2*n)) ~ (1/2) J

3.14.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.12

/ 712 (—ah + cfz™/? + cgz®™/? + cha®™) o —
(a + bx™ + c:c2")3/2
2(bef — 2acg + b*ha™? — dachz™? + 2¢% fz" — begz™)
(b2 — 4ac) nva + bx™ + cx?"

input‘ Integrate[(x~(-1 + n/2)*(-(axh) + c*xf*x~(n/2) + c*g*x~((3*n)/2) + c*h*x~(2
*)))/(a + brx"n + cxx”(24n))7(3/2) ,x]

3.4, f 278 (—ahefan/? gt 2 cha®)
(a+bzm+cx2n)3/?
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output ‘

t

(-2% (bxcxf - 2xaxcxg + b~ 2xh*x~(n/2) - 4*axc*h*x~(n/2) + 2%c™2*f*x"n - b*c
*g*xx"n))/((b"2 - 4xa*c)*n*Sqrt[a + b*x™n + c*xx~(2*n)]) J

input

output

rule 2289

3.14.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ (, 416 Ryles used = {2289}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ 2271 (—ah + cfz™? + cgz®/? + cha®)
(a + bzm + ca2n)®/?
| 2289
_2(hz"/2 (b? — 4ac) + c(bf — 2ag) + cz™(2cf — bg))

n (b2 — 4ac) vVa + bx™ + cx®n

Int[(x~ (-1 + n/2)*(-(axh) + cxf*x~(n/2) + cxg*x~((3*n)/2) + cxh*x~(2*n)))/
(a + b*x"n + c*xx~(2*%n))~(3/2),x]

(—2%(c*(b*f - 2xaxg) + (b~2 - 4*axc)*h*x~(n/2) + c*(2*c*f - b*g)*x"n))/((b
"2 - 4xaxc)*nxSqrt[a + b*x"n + c*x~(2*n)])

3.14.3.1 Defintions of rubi rules used

Int[((x_)"(m_.)*(Ce_) + (£_.)*(x_)"(q_.) + (g_.)*(x_)"(xr_.) + (h_)*(x_)"(s
_N/al) + (b_d*x(x )" (a_.) + (c_.)*(x_)"(n2_.))"(3/2), x_Symbol] :> Sim
pl-(2xcx(bxf - 2*axg) + 2xh*(b~2 - 4xaxc)*x~(n/2) + 2%c*(2*c*f - b*g)*x"n)/
(cxn*(b~2 - 4xaxc)*Sqrt[a + b*x™n + cxx~(2*n)]), x] /; FreeQ[{a, b, c, e, f
, g h, m, n}, x] & EqQ[n2, 2*n] && EqQlq, n/2] && EqQl[r, 3*(n/2)] && EqQ[
s, 2*%n] && NeQ[b~2 - 4*a*xc, 0] &% EqQ[2*m - n + 2, 0] && EqQ[c*e + axh, 0]

PR (—ah+cfx"/2+cgw3"/2 +chx2”)
372 dz
(a+bx™+cx2™)

314 [
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3.14.4 Maple [F]

dz

/ z~1t32 <—ah +efzs +egrE + chz2")
(a+bxm+ chn)%

input | int (x~(-1+1/2*n)* (-a*h+c*f*x~ (1/2*n)+c*xg*x™ (3/2*n) +cxh*x~ (2+n) ) / (a+b*x"n+c
*x~(2*n))~(3/2) ,x)

output | int (x~ (-1+1/2%n) * (~axh+c*f*x~ (1/2*n) +cxgxx~ (3/2%n) +c*h*x~ (2*n) ) / (a+b*x n+c
*x~(2*n) )~ (3/2) ,x)

3.14.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.45

€Tr =

712 (—ah + cfz™/? + cgz®/? + cha®)
/ (a + ba" + cz2n)*/?
2 (bcf —2acg + (> — 4ac)hz2" + (2Af — bcg)x”) Ver?® + bz +a
- (b%c — 4ac?)nx?" + (b3 — 4abe)nz™ + (ab?® — 4a2c)n

input | integrate(x~(-1+1/2*n) * (-a*h+c*f*x~ (1/2*n) +cxgxx~ (3/2*n) +c*¥h*x~ (2*n) ) / (a+b
*x"n+c*xx~(2*n)) ~(3/2) ,x, algorithm="fricas")

output | -2x (bkcxf - 2*axcxg + (b"2 - 4*xa*c)*h*x”(1/2*%n) + (2kc"2*f — b*cxg)*x"n)*s
qrt(c*x~(2*n) + b*x"n + a)/((b"2xc - 4*xaxc™2)*n*x~(2+n) + (b~3 - 4xaxb*c)*
n*x"n + (a*b™2 - 4*a”2%c)*n)

3.14.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ 772 (—ah + cfz™/? + cgz®/? + cha®™)
(a + bz + 03102")3/2

input | integrate (xxk (~1+1/2+n)* (~axh+cxfxxkx (1/2%n) +ergrark (3/24n) +cxhrxax (2+n)) /

‘ (a+b*xkxn+c*x** (2+n) ) ** (3/2) ,x)

PR (—ah—i—cfx"/2 +cgz3n/2 +chx2”)
Py dz
(a+bz™+cz2m)

314 [
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output ‘ Timed out

3.14.7 Maxima [F]

/ z-1+5 (—ah + cfm"/2 + ch3n/2 + chx2”) (chxzn + ch%" + cfx%" — ah):c%"
d:c=/

3
2

(a + bz" 4 cz?n)/ (cx?™ 4 bz™ + a)

dz

input  integrate(x~(-1+1/2*n)* (-a*h+c*f*x~ (1/2*n) +cxgxx~ (3/2*n) +c*¥h*x™ (2*n) ) / (a+b
*x"n+c*x~(2#n)) " (3/2) ,x, algorithm="maxima")

output  integrate((c*h*x~(2*%n) + cxgxx~(3/2*n) + c*f*x~(1/2*n) - a*h)*x~(1/2%n - 1
)/ (c*x~(2%n) + b*x"n + a)~(3/2), x)

3.14.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 187 vs. 2(71) = 142.

Time = 1.00 (sec) , antiderivative size = 187, normalized size of antiderivative = 2.49

dz =

/ 712 (—ah + cfz™/? + cgz®™/? + cha®)
(a+ bz™ + 0302”)3/2

b4 —8 ab2c+16 a2c? b4 —8 ab2c+16 a2c? b4—8ab2c+16a2c?

2 < /_CL'"’ ( (2 b2c?f—8ac3 f—b3cg+4 abc2g),/xn n b4h—8 ab2ch+16 a202h> + b3cf—4abc? f—2 ab2cg+8 a2cg

Ve 4+ bz + an

/

input | integrate(x~(-1+1/2*n)* (-a*h+c*f*x~ (1/2*n) +cxgxx~ (3/2*n) +c*xh*x~ (2*n) ) / (a+b
*x " n+c*xx”~(2*n)) ~(3/2) ,x, algorithm="giac")

output | -2* (sqrt (x"n) * ((2¥b~2%c~2*f - 8*a*c™3*f - b ~3*c*kg + 4*axbkc~2%g)*sqrt(x~n)
/(b~4 - 8*a*b~2%c + 16%a~2%c”2) + (b~4*h - 8*a*b~2%cxh + 16%a~2%c~2xh)/(b"
4 - 8xaxb~2*xc + 16%a”2xc”2)) + (b"3*cxf - 4*axbxc”2xf - 2xaxb~2*c*g + 8*a”
2%c~2%g) /(b~4 - 8*axb~2xc + 16%a~2%c~2))/(sqrt(c*x~(2*n) + b*x"n + a)*n)

3.4, f 278 (—ahefan/? gt 2 cha®)
(a+bzm+cx2n)3/?
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3.14.9 Mupad [B] (verification not implemented)

Time = 8.88 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.07

Tr =

712 (—ah + cfz™/? + cgz®/? + chz®™)
/ (a + ba" + cz?n)*/?
202 hz™? —4acg+2bcf+42 fa" —8achz™? —2bcga™
B (b2n —4acn) Va+ba" + cx?”

input | int ((x~(n/2 - 1)*(c*f*x~(n/2) - axh + c*g*x~((3*n)/2) + c*h*x~(2*n)))/(a +
b*x"n + c*x~(2%n))~(3/2),%)

output | - (2xb~2xh*x~(n/2) - 4*axcxg + 2*bxcxf + 4*c™2xf*x™n - 8xaxckh*x~(n/2) - 2%
bxckxgxx™n)/((b~2%n - 4*a*c*n)*(a + b*x™n + c*xx~(2%n))~(1/2))

3.4, f 278 (—ahefan/? gt 2 cha®)
(a+bzm+cx2n)3/?
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(dz)~1+5 (_ah+cfxn/2+ch3n/2+chx2n)

3.15 | 37 dx
(a-+bz"+cz?")

3.15.1 Optimal result . . . . . . .. . .. . . 112
3.15.2 Mathematica [B] (verified) . . . . . . . ... ... L Lo 112
3.15.3 Rubi [A] (verified) . . . . . ... ... 113
3.15.4 Maple [F] . . . . o o o 114
3.15.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 1151
3.15.6 Sympy [F(-1)] - v v v vt TT5
3.15.7 Maxima [F] . . . . . . .. 115
3.15.8 Giac [F] . . . . o o 116
3.15.9 Mupad [F(-1)] . . . . o o 176l

3.15.1 Optimal result

Integrand size = 63, antiderivative size = 95

dz =

(dz)~'*3 (—ah + cfz™? + cgz®™/? + cha™)
/ (a + ba" 4 cz2n)*/?
22173 (dz) 22+ (c(bf — 2ag) + (b — 4ac) ha™? + c(2cf — bg)z")
(b2 — 4ac) nva + bx™ + cx?"

p
output ‘ =2xx~ (1-1/2*n) * (d*x) ~ (-1+1/2*n) * (c* (-2*a*g+b*f) + (-4*axc+b~2) *h*x~ (1/2*n) +c ‘
L* (-bxg+2*c*f) *x"n) / (-4*a*xc+b~2) /n/ (at+tb*x"n+c*x” (2*n)) ~(1/2) J

3.15.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 242 vs. 2(95) = 190.

Time = 3.46 (sec) , antiderivative size = 242, normalized size of antiderivative = 2.55

/ (dz)~**2 (—ah + cfz™/? + cgz®/% + cha®™) q
€Tr =
(a + ban + ca2n)®/?
x~?(dz)™? (—2ab2hx”/2 — 2abe(f — gz™) + dac(—cfz" + a(g + 2hz™?)) + by/c(bf — 2ag)\/a + z™ (b

a (—b% + 4ac)

(d:l))_1+% (—ah+cf;1;"/2+ch3n/2+chx2n) dz

315 [ i
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input Integrate[((d*x)~(-1 + n/2)*(-(a*h) + c*f*x~(n/2) + cxgxx~((3*n)/2) + cxhx
x~(2%n)))/(a + b*x™n + c*x~(2%n))"~(3/2),x]

output | - (((d*x) ~(n/2) * (-2*%a*xb~2xh*x~ (n/2) - 2*a*bxc*(f - g*x~n) + 4xakxcx(-(c*xf*x~
n) + a*(g + 2*h*x~(n/2))) + b*Sqrtlcl*(b*f - 2xaxg)*Sqrt[a + x"nx(b + c*x~
n)]*ArcTanh[(b + 2*c*x"n)/(2*Sqrt[c]*Sqrt[a + x"n*(b + c*x™n)])] + b*Sqrt[
cl*(b*f - 2*a*g)*Sqrt[a + x"n*(b + c*x"n)]*Log[b + 2*c*x"n - 2xSqrt[c]*Sqr
tla + x"nx(b + c*x™n)]]))/(a*x(-b~2 + 4*axc)*d*n*x~(n/2)*Sqrt[a + x"n*(b +
cxx"n)]))

3.15.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.048, Rules used = {2290,
25, 2289}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz)z ! (—ah + cfz™? + cgz®/? + cha®

/ d

x
(a+ bz™ + c.’/v2")3/2

l 9290

dzr

n—2 / 2" (—cfaz™? — cgz®/? — cha®™ + ah)
(ba™ + cz?® + a)*/?

| 25

i ()T | T (ef ol = cqilt - cha + ah)
(bz™ + cx? + a)>/?

l 9289

dx

n—2

2213 (dz)"2" (ha™/?(b? — dac) + c(bf — 2ag) + cz(2cf — b))
n (b2 — 4ac) Va + ba" + cx?

input Int[((d*x)~ (-1 + n/2)*(-(axh) + cxf*x~(n/2) + c*xgxx~((3*n)/2) + c*h*x”(2*n
)))/(a + bxx™n + cxx~(2*n))~(3/2),x]

output | (-2*x~(1 - n/2)*(d*x)~((-2 + n)/2)*(c*(b*f - 2xaxg) + (b~2 - 4*a*c)*h*x"(n
/2) + cx(2xcxf - b*g)*x"n))/((b"2 - 4*axc)*n*Sqrt[a + b*x™n + c*x~(2*n)])

3.15 (dx)_1+% (—ah+cfz™/ 2+cgz®™/24cha®?) d
T f (a+bz"+cx2n)>/? z




CHAPTER 3. LISTING OF INTEGRALS 114

3.15.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2289 Int [((x_)~(m_.)*((e_) + (£_)*(x_)"(q_.) + (g_)*(x_)"(r_.) + (h_.)*(x_)"(s
_N/ @) + (b_dx(x )" (m_.) + (c_.)*(x_)"(n2_.))"(3/2), x_Symbol] :> Sim
pl-(2%cx(bxf - 2+axg) + 2xh* (b2 - 4xa*c)*x~(n/2) + 2*c*(2xc*f - b*g)*x"n)/
(cxnx (b2 - 4*a*xc)*Sqrt[a + b*x™n + c*x~(2*n)]), x] /; FreeQl[{a, b, c, e, f
, g h, m, n}, x] & EqQ[n2, 2*n] && EqQ[q, n/2] && EqQ[r, 3*(n/2)] && EqQ[
s, 2xn] && NeQ[b~2 - 4xa*c, 0] && EqQ[2*m - n + 2, 0] && EqQ[c*e + a*h, 0]

rule 2290 Int[(((d_)*(x_)) " (m_.)*((e_) + (f_)*(x_)"(q_.) + (g_)*(x_)"(r_.) + (h_.)*
(x_)"(s_))) /(@) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.))"(3/2), x_Symbol]

:> Simp[(d*x) "m/x™m  Int[x"m*((e + £*x~(n/2) + g*x~((3*n)/2) + h*x~(2*n))
/(a + b*x™n + c*x~(2*n))~(3/2)), x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m
, n}, x] && EqQ[n2, 2*n] && EqQlq, n/2] &% EqQ[r, 3*(n/2)] && EqQ[s, 2*n] &
& NeQ[b~2 - 4*a*xc, 0] &% EqQ[2*m - n + 2, 0] && EqQ[c*e + axh, 0]

3.15.4 Maple [F]

dz

/ (dz)™'*2 (—ah +cfzs +cgzs +ch x2">
%

(a +bzx™ + cx?)

input | int ((d*x) ~(-1+1/2%n) * (~a*h+cxf*x~ (1/2*n) +cxg*x~ (3/2%n) +c*h*x~ (2*n)) / (a+b*x
~“n+c*xx~ (2*n) )~ (3/2),x)

output | int ((d*x) = (-1+1/2*n) * (—axh+c*f*x~ (1/2*n) +cxg*x™ (3/2*n) +cxh*x~ (2*n) ) / (a+b*x
“n+cxx~(2*n)) " (3/2) ,x)

(d:l))_1+% (—ah+cf;1;"/2+ch3n/2+chx2n) dz

315 [ i
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3.15.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.39

xTr =

(dz)~'*2 (—ah + cfz™? + cgz®/? + chz™)
/ (a + baz™ + cx?r)®/?
2 ((b2 —4ac)dz"hza™ + (22 f — beg)dz "Lz + (bef — 2acg)d? ”‘1> Vez?t + bz +a
(b%c — 4ac®)nz?™ + (b — 4abe)nz™ + (ab? — 4a%c)n

input  integrate((d*x)~(-1+1/2%n)* (~a*h+c*f*x~(1/2*n)+c*g*x" (3/2%n)+cxh*x~(2*n))/
(a+b*x"n+c*x~(2*n) ) ~(3/2) ,x, algorithm="fricas")

output | -2%x((b~2 - 4*axc)*d~(1/2*n - 1)*h*x~(1/2*n) + (2%c~2*f - bxc*g)*d~(1/2*n -
D*x"n + (bkckf - 2%akxcxg)*d~(1/2*n - 1))*sqrt(c*x”(2#n) + b*x™n + a)/((b
“2%c - 4xaxc”2)*nxx"(2*%n) + (b~3 - 4*axbxc)*n*x"n + (axb”2 - 4*xa~2*c)*n)

3.15.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ (dz)~'*% (—ah + cfz™/? + cgz®/? + chz®™)
(a + bzn + ca2n)®/?

input‘integrate((d*x)**(—1+1/2*n)*(—a*h+c*f*x**(1/2*n)+c*g*x**(3/2*n)+c*h*x**(2*
'0))/ (a+bxxkkntcrxrx (2+n) )+ (3/2) ,x)

output LTimed out J

3.15.7 Maxima [F]

dx

/ (dz)~'*% (—ah + cfz™/? + cgz®/? + cha®™) J / (chxzn +cgzi" +cfzin — ah> (de)2"™
Tr =
(a + bz + cx?r)®/? (cx?™ + bz + a)%

3.15 (dx)_1+% (—ah+cfz™/ 2+cgz®™/24cha®?) d
T f (a+bz"+cx2n)>/? z




input

output

input

output

input

output
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integrate ((d*x) = (-1+1/2xn) * (~axh+c*f*x~ (1/2%n) +c*gxx~ (3/2*n) +cxh*x~ (2*n) ) /
(a+b*x"n+c*x~(2#n) )~ (3/2) ,x, algorithm="maxima")

integrate((cxh*x~ (2*n) + cxg*x~(3/2*n) + c*f*x~(1/2*n) - axh)*(d*x)~(1/2*n
- 1)/(c*x~(2%n) + b*x"n + a)~(3/2), x)

3.15.8 Giac [F]

/ (dz)™**2 (—ah + cfz™? + cgz®/? + cha®™) i / <chw2” +cgri" +cfrin — ah) (de)2"™
Tr =

(a + ban + ca2n)®/? (cx?™ 4 bz™ + a)%

integrate ((d*x) ~(-1+1/2%n) * (~a*h+cxf*x~ (1/2%n) +c*xgxx~ (3/2*n) +c*xh*x~ (2*n)) /
(a+b*x"n+c*x~(2*n) ) ~(3/2) ,x, algorithm="giac")

integrate((cxh*x~(2*n) + cxgxx~(3/2*%n) + c*f*x~(1/2*n) - a*h)*(d*x)~(1/2*n
- 1)/(c*x~(2*%n) + b*x"n + a)~(3/2), x)

3.15.9 Mupad [F(-1)]

Timed out.

dx

x€Tr =

/ (do)*5 (—ah + cfa"/? + cga™ + cha™) | / (dz)?™ <Cfx”/2 —ah+cgz? + chx”)

(a + bz + cx?r)®/? (a+bz" +cx?n)

3/2

int (((d*x) " (n/2 - 1)*(c*xf*x~(n/2) - axh + c*gkx~((3%n)/2) + c*h*x~(2*n)))/
(a + b*x™n + c*x~(2*n))~(3/2),x)

int (((d*x) " (n/2 - 1)*(c*xf*x~(n/2) - a*h + c*g*x~((3*%n)/2) + c*xh*x~(2*n)))/
(a + bxx™n + c*x~(2*n))~(3/2), x)

3.15 (dx)_1+% (—ah+cfz™/ 2+cgz®™/24cha®?) d
T f (a+bz"+cx2n)>/? z

dz
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3.16 [(gz)™ (a + bz™ + cz**)’ (a(1 + m) + b(1 + m +n +

3.16.1 Optimal result . . . . . . .. . ... . 117
3.16.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo 117
3.16.3 Rubi [A] (verified) . . . . . . ... ... 118
3.16.4 Maple [B] (verified) . . . ... ... . ... 118
3.16.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 119
3.16.6 Sympy [F(-1)] . . . . o 1191
3.16.7 Maxima [B] (verification not implemented) . . . . . ... ... ... ... .. 120
3.16.8 Giac [B] (verification not implemented) . . . ... . ... ... ....... 120
3.16.9 Mupad [B] (verification not implemented) . . ... ... ... ... ...... 121

3.16.1 Optimal result

Integrand size = 56, antiderivative size = 29

/(gw)m (a+bz" + cz®™)* (a(l +m) + b(1 +m + n + np)z”

(gz)™ (a + bz™ + ch")Hp

+c(1+m+2n(1+p))z®) dz = p

output ‘ (g*x) ~ (1+m) * (a+b*x"n+c*xx~ (2*n) ) ~(p+1) /g

3.16.2 Mathematica [A] (verified)

Time = 1.98 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.83

/(ga:)m (a+bz" + cz)* (a(l +m) + b(1 +m + n + np)z"

+c(14+m+2n(1+p))z**) dz = z(gz)™ (a + z"(b+ cz™)) P

input‘Integrate[(g*x)“m*(a + b*x"n + c*x”(2%n)) px(ax(1 + m) + b*(1 + m + n + n*

Lp)*x“n + cx(1 + m + 2+nx(1 + p))*x~(2*n)),x] J
output Lx*(g*x)‘m*(a + x"nx(b + c*x"n))~ (1 + p) J
3.16

[(gz)™ (a + bz™ + cz®™)” (a(1 + m) + b(1 + m + n + np)z™ + c(1 + m + 2n(1 + p))z*") dz
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3.16.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.018, Rules used = {2285}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(g:c)m (a+bz" + ch")p (a(m+1) +bz"(m +np +n+1) +cz®(m+2n(p+1) + 1)) dz

l 2985

(gz)™+1 (a + bz™ + cm2n)p+1

9

input‘ Int [(g*x) "m*(a + b*x"n + c*x~(2*n)) p*(a*x(1 + m) + b*(1 + m + n + n*p)*x~n

output

rule 2285

‘ + cx(1 + m + 2%xnx(1 + p))*x~(2%n)),x]

U(g*x)*(l + m)*(a + b¥x"n + cx~(2%n))~(1 + p))/g J

3.16.3.1 Defintions of rubi rules used

Int[((g_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(n_.) + (c_)*(x_)"(m2_.))"(p_.)*
(@) + (e_)*(x_)"(n_.) + (£_)*(x_)"(n2_.)), x_Symbol] :> Simp[d*(g*x)~(m
+ 1)*((a + b*x™n + c*x~(2*n)) " (p + 1)/(a*gx(m + 1))), x] /; FreeQ[{a, b, c
, d, e, £, g, m, n, p}, x] && EqQ[n2, 2*n] && EqQ[axe*(m + 1) - b*d*x(m + n*
(p + 1) + 1), 0] && EqQa*f*(m + 1) - cxd*(m + 2*nx(p + 1) + 1), 0] && NeQ[

m, -1]

3.16.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 89 vs. 2(29) = 58.

Time = 102.39 (sec) , antiderivative size = 90, normalized size of antiderivative = 3.10

method result size

90

zz"(gz)™ (a+bz™+cx2) betz 227 (g2)™ (a+bz™ +cx2") P 2 +x(g92) " (a+bz"+c22") ac

parallelrisch -

3.16.
[(gz)™ (a + bz™ + cz®™)” (a(1 + m) + b(1 + m + n + np)z™ + c(1 + m + 2n(1 + p))z*") dz
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input | int ((g*x) “m* (a+b*x n+c*x~ (2*n) ) “p* (a* (1+m) +b* (n*p+m+n+1) *x "n+c* (1+m+2*n* (1
+p) ) *x~(2*n)) ,x ,method=_RETURNVERBOSE)

output | (x*xx"n* (g*x) “m* (a+b*x"n+c*x~ (2+n)) “p*bxc+x*x” (2*n) * (g*x) “m* (a+b*x"n+c*kx~ (2
*n) ) “pkc”2+x* (g*x) “m* (a+b*x n+c*x” (2*n) ) “p*axc)/c

3.16.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 65 vs. 2(29) = 58.

Time = 0.26 (sec) , antiderivative size = 65, normalized size of antiderivative = 2.24

/(g:c)m (a+bz" +cz®™)” (a(1 +m) + b1 +m+n+np)z” +c(l +m+2n(1 +p))z*") dz

= (cxz?nemIoE@+mIoE=) | pgne(mlogoimlog(e) 4 gpe(mloe@)+mios@)) (g2 4 pg™ 4 q)”

p

input | integrate ((g*x) “m* (a+b*x " n+c*x~ (2*n) ) “p* (a* (1+m) +b* (n*p+m+n+1) *x n+c* (1+m+
2#n* (1+p) ) *x~(2*n)) ,x, algorithm="fricas")

output | (cxx*x~ (2+n)*e” (m¥log(g) + m*xlog(x)) + bxx*x"nxe” (m*log(g) + m*xlog(x)) + a
*xx*e” (m¥log(g) + m*xlog(x)))*(c*x~(2*n) + b*x"n + a)~p

3.16.6 Sympy [F(-1)]

Timed out.

/(gw)m (a+bz" + cz®)® (a(l +m) + b(1 +m + n + np)z"
+¢(1+m+2n(1+p))z*") dz = Timed out

p
input ‘ integrate ((g*x) **m* (a+b*x**n+cxx*k* (2+n) ) **p* (a* (1+m) +b* (n*p+m+n+1) *x**n+c*
\ (1+m+2*n* (1+p) ) *x** (2%n) ) , x)

output tTimed out

3.16.
[(gz)™ (a + bz™ + cz®™)” (a(1 + m) + b(1 + m + n + np)z™ + c(1 + m + 2n(1 + p))z*") dz
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3.16.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 60 vs. 2(29) = 58.

Time = 0.26 (sec) , antiderivative size = 60, normalized size of antiderivative = 2.07

/(gx)m (a+bz" +cz®™)? (a(l+m) + b1 + m+n+np)z” +c(l +m+2n(l +p))z*") dz

— (a/gmwxm + Cgmxe(mlog(z)—ﬂnlog(z)) + bgmxe(mlog(z)—i-nlog(m))) (C.’L‘2n + b2 + a)p

input | integrate ((g*x) “m* (a+b*x " n+c*x~ (2*n)) “p* (a* (1+m) +b* (n*xp+m+n+1) *x n+c* (1+m+
2+n* (1+4p) ) *x~(2*n)) ,x, algorithm="maxima")

-

output | (a*g™m*x*x"m + c*g m*x*e” (m*¥log(x) + 2*n¥log(x)) + b*g m*x*e” (m*log(x) + n
*1og(x)))*(c*x~(2%n) + b*x"n + a)7p

3.16.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 96 vs. 2(29) = 58.

Time = 0.44 (sec) , antiderivative size = 96, normalized size of antiderivative = 3.31

/(gw)m (a+bz" + cz®™)” (a(l +m) + b(1 + m + n + np)z”

+c(l+m+2n(1+ p))an) dx = (C;I;Qn + bz™ + a)pcmene(mIOg(g)-l—mlog(w))
+ (C$2" + bx" + a)pwa"e(m log(g)+mlog(z)) (ca:2" + bz + a)?’axe(mlog(y)er log(z))

input integrate ((g*x) “m* (a+b*x n+c*x~(2*n)) “p* (a* (1+m) +b* (n*p+m+n+1) *x n+c* (1+m+
2xnx (1+p) ) *x~ (2*n)) ,x, algorithm="giac")

output | (c*xx~(2#n) + b*x"n + a) pxc*x*x~(2*n)*e” (m*log(g) + m*log(x)) + (c*x~(2*n)
+ b*x"n + a) “p*b*x*x"n*e” (m*log(g) + m*xlog(x)) + (c*x~(2*n) + b*x"n + a)”
p*a*x*e” (m*log(g) + m*log(x))

3.16.
[(gz)™ (a + bz™ + cz®™)” (a(1 + m) + b(1 + m + n + np)z™ + c(1 + m + 2n(1 + p))z*") dz



input

output

CHAPTER 3. LISTING OF INTEGRALS 121

3.16.9 Mupad [B] (verification not implemented)

Time = 8.73 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.72

/(gw)m (a+bz" + cz®)? (a(l + m) + b(1 + m + n + np)z”

+c(l+m+2n(l+p)z*) dz = (az(92)" + bz z" (gz)"
+czz®(g2)") (a+ba" +ca?")’

int ((g*x) "m*(a + b*x™n + c*xx~(2*n)) "px(ax(m + 1) + b*x"n*(m + n + n*p + 1)
+ ckx”(2%n)*(m + 2*n*x(p + 1) + 1)),x)

(axx*(g*x) "m + b*x*x"n*(g*x) m + c*x*x~(2*n)*(g*x) m)*(a + b*x"n + c*x™ (2%

n))°p

3.16.
[(gz)™ (a + bz™ + cz®™)” (a(1 + m) + b(1 + m + n + np)z™ + c(1 + m + 2n(1 + p))z*") dz
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3.17 A+Bx”+Cx2"+D2x3n dr
(a+bxn+cx2n)

3.17.1 Optimal result . . . . . . . . . . ... 122]
3.17.2 Mathematica [B] (verified) . . . . . . .. ... ... Lo 123
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3175 Fricas [F] . . . . . . . 125
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3.17.1 Optimal result

Integrand size = 38, antiderivative size = 494

dz

A+ Bz™ + Cz®™ + Dz*"
/ (a + bz + cx?n)?
_ z(Ac(b® — 2ac) — a(bBc — 2acC + abD) + (be(Ac + aC) — ab*D — 2ac(Bc — aD)) z™)
B ac (b2 — 4ac) n (a + bx™ + cz??)

<ab2D —be(Ac+ aC)(1 —n) + 2ac(Be(l —n) —aD(1 +n)) + A (4ac(1_2n)_b2(l_n))_a(4ac25;;b_35w_b2co(]

ac (b — 4ac) (b — Vb — dac) n
<ab2D —be(Ac+ aC)(1 — n) + 2ac(Be(1 —n) —aD(1 +n)) — Ac? (4ac(1-2n)—b*(1-n)) ~a(dac? C+47D—b2cC(

+

Vb2 —4ac

+
ac (b? — 4ac) (b+ Vb? — dac) n

output | x* (Axc* (—2*a*xc+b~2) —a* (B¥b*c-2*Cxaxc+D*xaxb) +(bxc* (A*c+C*a) —axb~2*xD—2*a*xc* (
Bxc-D*a))*x"n) /a/c/ (-4*a*xc+b~2) /n/ (a+b*x"n+c*x~ (2*n) ) +x*hypergeom([1, 1/n]
, [1+1/n] ,-2*c*x"n/ (b-(-4*a*c+b~2) ~(1/2))) * (axb~2*D-b*c* (Axc+C*a) * (1-n) +2*a
*xcx (Bxc* (1-n) —a*D* (1+n) ) + (Axc™2* (4d*a*xc* (1-2*n) -b~2* (1-n) ) —a* (4*a*c~2*C+b~3
*D-b~2%c*C* (1-n) -2*bxc* (Bxcxn+a*D* (2+n) ) ) ) / (-4*a*xc+b~2) ~(1/2)) /a/c/ (-4*axc
+b~2) /n/ (b- (-4*a*c+b~2) " (1/2) ) +x*xhypergeom([1, 1/n], [1+1/n],-2*c*x"n/(b+(-
4xaxc+b”2) " (1/2)))*(axb~2xD-b*c* (Axc+C*a) * (1-n) +2*axcx (Bxc* (1-n) —a*D* (1+n)
)+ (—Axc” 2% (4d*a*c* (1-2%n)-b~2* (1-n) ) +a* (4d*xa*c”2*C+b~3*%D-b~2*xc*xC*x (1-n) -2*b*c
* (Bxcxn+a*xD* (2+n))) )/ (-4*a*xc+b~2)~(1/2)) /a/c/ (-4*axc+b~2) /n/ (b+(-4*a*c+b~2
)~(1/2))

A+Bz"+Cx2"+Dg3"
3.17. (atba ezn)? dz
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3.17.2 Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 5439 vs. 2(494) = 988.

Time = 8.36 (sec) , antiderivative size = 5439, normalized size of antiderivative = 11.01

/ A+ Bz™ + Cz®" + Dx®”

5 dx = Result too large to show
(@ + bx™ + cx?")

input  Integrate[(A + B*x™n + C*x~(2%n) + D*x~(3*n))/(a + b*x™n + c*x~(2*n))"2,x]

N

output‘Result too large to show ‘

3.17.3 Rubi [A] (verified)

Time = 1.18 (sec) , antiderivative size = 477, normalized size of antiderivative = 0.97,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 479 Ryles used

integrand size
= {2326, 1752, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ A+ Bz" + Cx®" + Dx"
(a + bz + ca?n)?

l 9326

(an2—c(Ac+aC)(l—n)b+2ac(Bc(1—n)—aD(n—l—l)))z”+ab(Bc+aD)—2ac(aC’—Ac(1—2n))—Ab2c(1—n)d
f bz +cx2"+a z +
acn (b2 — 4ac)
z (2™ (be(aC + Ac) — ab®D — 2ac(Bc — aD)) + Ac(b? — 2ac) — a(abD — 2acC + bBc))

acn (b2 — 4ac) (a + bx™ + cx?")
| 1752

%(Ac2 (4ac(1—2n)—b%(1—n)) —a(—2bc$£(_n;i)+Bcn)+4ac20+b3D—bQCC(1—n)) . bc(l . n) (aC 4 AC) +ab®D + 2ac(Bc(1 .

z (2" (be(aC + Ac) — ab?D — 2ac(Bc — aD)) + Ac(b? — 2ac) — a(abD — 2acC + bBc))
acn (b2 — 4ac) (a + bz™ + cx??)

l 778

A+Bz"+Cx2"+Dg3"
3.17. (atba ezn)? dz
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z (2" (be(aC + Ac) — ab?D — 2ac(Bc — aD)) + Ac(b? — 2ac) — a(abD — 2acC + bBc)) +
acn (b2 — 4ac) (a + bz™ + cx??)

Ac? (4ac(1—2n)—b2 (l—n)) —a (—2bc(aD(1'1,—4—2)-ﬁ-Bcn)-ﬂ—4ac2 C+b3D—b2cC(1—n))
b2 —4ac
b—vb2—4ac

z Hypergeometric2F1 (1, % ,1+%,— . 2cz™ > < —bce(1—n)(aC+Ac)-

b2 —4ac

.
input‘Int[(A + Bxx"n + Cxx~(2*n) + D*x~(3*n))/(a + b*x"n + c*x~(2*n))~2,x]

output | (xx(Axc*(b~2 - 2*%axc) — a*x(b*Bkc - 2*%a*c*C + axbxD) + (bk*c*(Axc + a*C) - a
*xb~2%xD - 2xaxcx(Bkc - a*D))*x"n))/(a*xc*(b~2 - 4xaxc)*n*(a + bxx™n + cxx~(2
*n))) + (((a*b~2*D - bkc*(A*xc + a*C)*(1 - n) + 2*a*cx(Bkc*x(1 - n) - a*Dx(1
+ n)) + (A*c™2x(4xaxcx(1 - 2*n) - b™2*%(1 - n)) - ax(4*xaxc”2*C + b"3*%D - b
“2%c*C*k(1 - n) - 2xb*c*(B*c*n + a*D*(2 + n))))/Sqrt[b~™2 - 4x*a*c])*x*Hyperg
eometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b - Sqrt[b~2 - 4xa*c])])/(b
- Sqrt[b~2 - 4*axc]) + ((a*xb™2xD - b*cx(Axc + a*C)*(1 - n) + 2*axc*(Bkcx(
1 - n) - axD*(1 + n)) - (Axc™2x(4d*xaxckx(1 - 2%n) - b~ 2*x(1 - n)) - ax(4*a*c”
2%C + b~3*D - b"2xc*C*(1 - n) - 2*bxcx(Bxc*n + a*D*(2 + n))))/Sqrt[b”2 - 4
*a*c] ) *x*xHypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*c*x"n)/(b + Sqrt[b~2
- 4xa*xc])])/(b + Sqrt[b~2 - 4*axc]))/(axc*(b~2 - 4*a*c)*n)

3.17.3.1 Defintions of rubi rules used

rule 778 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a"p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && !'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[i/n + pl, 0] && (IntegerQlp]l ||
GtQ[a, 01)

rule 1752 Int [((d_) + (e_.)*(x_)"(m_))/((a_) + (b_.)*(x_)"(n_) + (c_.)*(x_)"(m2))), x
_Symbol] :> With[{q = Rt[b~2 - 4*axc, 2]}, Simp[(e/2 + (2%c*d - b*e)/(2*q))
Int[1/(b/2 - /2 + c*x"n), x], x] + Simp[(e/2 - (2xc*d - b*e)/(2%q)) I
nt[1/(b/2 + q/2 + c*x"n), x], x]] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2
, 2%n] && NeQ[b~2 - 4*a*c, 0] && NeQ[c*d™2 - bxd*e + a*xe”2, 0] && (PosQ[b~2
- 4xaxc] || 'IGtQ[n/2, 0])

A+Bz"+Cx2"+Dg3"
3.17. (atba ezn)? dz
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rule 2326 Int [(P3_)*((a_) + (b_.)*(x_)"(n_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol] :> Wi
th[{d = Coeff[P3, x"n, 0], e = Coeff[P3, x™n, 1], f = Coeff[P3, x™n, 2], g

= Coeff[P3, x™n, 3]}, Simp[(-x)*(b~2*c*d - 2+*akxcx(ckd - a*f) - a*bx(cxe + a
xg) + (bxc*(c*d + axf) - axb™2xg - 2xa*xcx(c*e - a*xg))*x"n)*((a + b*x™n + cx*
x~(2*n)) " (p + 1)/(axc*nx(p + 1)*(b~"2 - 4xa*c))), x] - Simp[1/(a*xc*nx(p + 1)
*(b"2 - 4*axc)) Int[(a + b*x™n + c*x~(2*n)) " (p + 1)*Simp[a*bx(c*e + a*g)

- b™2%c*kd*(n + nxp + 1) - 2*xaxc*(axf - cxd*(2*nx(p + 1) + 1)) + (axb™2*g*(n
*(p + 2) + 1) - b*ck(ckd + axf)*x(nx(2%p + 3) + 1) - 2*kaxcx(axgx(n + 1) - c*
ex(n*x(2xp + 3) + 1)))*x"n, x], x], x]] /; FreeQ[{a, b, c, n}, x] && EqQ[n2,

2*n] && PolyQ[P3, x"n, 3] && NeQ[b~2 - 4xaxc, 0] && ILtQ[p, -1]

3.17.4 Maple [F]

dz

/A+Bz“+0w2"—|—Dx3"
(a4 bz 4 cx2n)?

inputLint((A+B*x“n+C*X“(2*n)+D*x‘(3*n))/(a+b*x‘n+c*x“(2*n))“2,x)

output Lint ((A+B*x~n+Cxx~ (2*n) +D*x~ (3*n) ) / (a+b*x n+c*x~ (2*n) ) ~2,x)

3.17.5 Fricas [F]

dz

/ A+ Bz 4+ Cx*" + D" dp — / capitalDz3™ + Cz?" + Ba" + A
(a 4 bz + ca?n)? (cx?m + bz™ + a)’

input | integrate ((A+B*x~n+C*x~ (2*n) +D*x~ (3*n) ) / (a+b*x"n+c*x~ (2*n) ) "2,x, algorithm

="fricas")

output  integral ((D*x~(3*n) + C*x~(2*n) + B*x"n + A)/(c”2*x”(4*n) + b~2*x~(2*n) +
2%axb*x™n + a”2 + 2x(b*cxx™n + axc)*x~(2*n)), x)

A+Bz"+Cx2"+Dg3"
3.17. (atba ezn)? dz
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3.17.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ A+ Bz" + Cz®™ + Dz
(a + bz + cx?n)?

input Lintegrate ((A+B*xxx*xn+CHxkk (2xn) +D*x** (3%n) ) / (a+bkxkkn+ckxkk (2xn) ) **2,x)

-/

output LTimed out

3.17.7 Maxima [F]

A+ Bx" + Cz?" + D" Dx3" + Cxz?"+ Bz"+ A
dr = dz

(a + bz~ 4 czn)? (cx?m + bz + a)®

input  integrate ((A+B*x " n+C*x~ (2*n)+D*x~ (3*n))/(a+b*x n+c*x~(2*n)) ~2,x, algorithm

="maxima")

output | ((Cxaxbxc — 2*B*axc™2 + Axb*c™2 - (a*b™2 - 2*%a~2+c)*D)*x*x"n - (D*a~2*b -
2%Cxa~2*c + B*axbkc - (b"2%c - 2%a*c”2)*A)*x)/(a~2*%b"2*c*kn - 4*a~3*c”2%n +

(axb™2xc™2*n — 4*a”2%c”3#%n)*x~(2*n) + (axb"3*ckn - 4*a”2%b*c”2*n)*x"n) -
integrate(-(D*a~2%b - 2xC¥a~2*%c + B¥akxbxc — (2%a*c™2x(2*n - 1) - b~2*c*x(n
- 1))*A + (Cxaxbxcx(n — 1) - 2%B*a*c™2*(n - 1) + Axbkc™2%(n - 1) - (2%a™2x*
ck(n + 1) - a*xb”2)*D)*x"n)/(a~2*%b"2%c*n - 4*a”~3*c~2*n + (a*xb~2*%c”2*n - 4*a
“2%c”3*%n) *x” (2*n) + (a*b”3*c*n - 4*a”2xbxc”2*n)*x"n), x)

3.17.8 Giac [F]

dz

/ A+ Bz" + Ca™ + Dz™ | / Dz®" + C2*" 4+ Ba" + A
(a 4 bz + cax?n)? (cx?m + bz + a)’

input | integrate ((A+B*x~n+C*x~ (2*n) +D*x~ (3*n) ) / (a+b*x"n+c*x”(2*n) ) "2,x, algorithm
="q n
="giac")

output integrate((D*x~(3*n) + C*x~(2*n) + B*x™n + A)/(c*x”(2*n) + b*x™n + a)72, x

)

A+Bz"+Cx2"+Dg3"
3.17. (atba ezn)? dz
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3.17.9 Mupad [F(-1)]

Timed out.

/A+Bm"+Crzn+Dx3“d _/A+C’m2"+m3”D+B:B”
(a + bz™ + ca?r)? (a+bz" + cx?n)?

dz

inputtint((A + C*x~(2%n) + x~(3*n)*D + B*x"n)/(a + b*x™n + c*x~(2*n))~2,x)

outputLint((A + C*x~(2%n) + x~(3*n)*D + B*x"n)/(a + b*x™n + c*x~(2*n))~2, x)

A+Bz"+Cx2"+Dg3"
3.17. (atba ezn)? dz
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

128
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions



CHAPTER 4. APPENDIX 131

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation

4.1. Listing of Grading functions
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